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P * EF ACE. 

it is reaſonable to expedt that one, who 
undertales to lay his Thoughts befars the 
Publick on any Subjet?, {ould be able to 
point out ſome Advantage to be reaped 
Q from it, it may not be improper, firſt to 
73 ſew upon what Ground I was induced ro 

| — = "the Je few following Sheets might be of Service, and 0 

claim a Reception. And here, I muſt ingeuuouſiy vwn that ; 
what had the greateſt Weight, was not any immoderate O- 
pinion of my own Produttions, but the Scarcity and high Price 
of ſome, and the Imperfection of the reſt of the few Books 
at preſent among us on the Subject; moſt of theſe being wholly 
taken up with a few low Problems, and, what is ſtill a greater 
Defect, without affording any General Principles whereby 
the Thing might be extended farther, There is indeed but 
one, that ] have met with, entirely free from this Objettien ; 
and, tho it neither wants Matter nor Elegance to recom- 
mend it, yet the Price nmſt, I am ſenſible, have put it ont of 
the Power of many to purchaſe it; and even ſome, who want 
no Means to gratify their Deſires this way, and who might 
not be inclimable to ſubſcribe a Guinea for a ſingle Book, 
however excellent, may not ſcruple the beſtowing of a ſmall 
a Matter 


A; 


(ii!) 


Matter on one, that perhaps may ſerve equal. ly well for their 
Purpoſe... 

Tam ſatisfied, it may be deem d a ſort of Preſumption to 
attempt, upon any Account, a Subject like this, after ſo great 
a Man as Mr De Moivre; and that ſome, who would paſs 
for conſiderable Fudges, have not been wanting to cenſure 
and contemn thin Perfurmance already on that Head, before 
having the leaſt Knowledge of the Particulars therein con- 
tained. But they would do well to reflect, whether to pro. 
ceed thus, may not prove a greater Impeachment of their own 
Judgment and Condut?, even among their Friends, than of 
his, «whoſe Work, ideen any Offence given, they en- 
deavour to depreciate. 

I have perhaps as high an Opinion of that learned Au 
thor's Produttions as any of thoſe Gentlemen. But does it 
follow, becauſe one Perſon has done well on this Subject, 
that nothing farther can be neceſſary? Beſides, it is not every 
one that has a Genius fitted for the moſt exalted $peculations, 
or that is capable of reading the Works of the moſt ſublime 
and celebrated Authors; and, therefore, tho I ſbould go no 
farther than to bring down ſabe of the beſt and moſi uſeful 
Things already known to the Level of ordinary Gapa- 
cities, I ſbould think this might, in (ome meaſure, ex- 
empt me from Cenſure. However, I would not have the 
Reader conclude from hence, that he has nothing more to ex- 
pelt in theſe few Sheets than a bare Collection of low Mat- 

ters; or that, like ſome of our preſent Mathematical Wri- 
ters, I ſhould be poorly ambitious of appearing the Author of 
a Performance, that would, was every Bird to claim his 
own Feather, be ſtript as naked as the Jay in the Fable. 
| | 5 I. 
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(wm) 
It is not my Intention to ſay a great deal in behalf of this 
Wark, knowing that, if there be a real Merit, it will beſt 
recommend itſelf, and that, without this, it will be in vam 
for me to hope for a Reception : Nevertheleſs, it may not be 
amiſs to point out ſome of the moſt uſeful and curious Propo- 
ſitions therein, and make ſuch uſeful Obſervations thereon, as 
may be of ſome Service in, or ſhew it not unworthy, the Peruſal. 
The 1/t is a Propoſition of Uſe thro out the Work, and there- 
fore ought to be well underſtood by a young Beginner; towards 
which the ſix ſucceeding Caſes, in Illuſtration thereof, will not a 
little contribute, ſince, by them alone, a Perſon, but tolerably 
ill dᷓ in common Arithmetick, may ſoon arrive to ſome Profict- 
ency in the Subject. In the ad and 3d Problems, beſides other 
Things, the Doctrine of Combinations and Permutations 7s 
clearly and fully deduced. Nor is the 5th, ſhewing the Proba- 
bility of an aſſigned Event happening a given number of Times 
in a given number of Tryals, for general Uſe, inferior to 
either of them. The Gth is very comprehenſive, and of 
great Uſe in Lotteries, Cards, &c. And the 15th, for finding 
the Tryals wherein one may undertake that a propoſed Event 
ſhall happen a given Number of Times, has been long look'd 
on as a Problem of the greateſt Note and Conſequence, and 
is ſolv'd in a more general Manner than hitherto. The 16th, 
17th, and 2oth, are alſo Problems of ſome Note and Diſfi- 
culty. But the 22d to find the Chances for a given Number 
of Points on a giyen Number of Dice, and the 25th on the 
Duration of Play, are two of the moſt intricate and remark- 
able in the Subject, and both ſolv'd by Methods entirely new, 
The 27th is a Problem that was propoſed to the Public ſome 
time ago in Latin, as a very difficult one, and has not (tha: 


I know 0; been anſwered before. And the 24th and 3oth 
are 


(w) 

are the ſame with the two new ones, added in ; the End of 
Ar De Moivre's /aft Edition, whoſe Demonſtrations that 
learned Author was pleaſed to reſerve to himſelf, and are 
1 here fully and clearly inveſtigated; which Problems are both 
| of conſiderable Importance. Laſtly, in the Lemmas, among 
1 other Things, will be found two new Methods for ſumming of 
Series; and by Help of one of them the Value of a Series of 
Powers, whether whole or broken, is determined in a more 
conciſe and general Manner than heretofore. 
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Page 1 20. f-; 20. f. = of 20. P. 13.1. 1. for „ . FP. 13.4 11. fe il 
r. Cr. will. P. 17. 15 19. fir Combination r. Continuation. P. 18. J. 14. fer firſt r. firſt of 
che. P. 31. J. 18. fer or r. Or. or. P. 36. J. 2. for the 2. r. the Sum of the 2. P. 36. L 13. 
for true Value r. Value. ane, Place. P. 43. J. 1. for betaken », be fo 


taken. p. 33. I. 15. for e r. ., Gr. P. 54. L. 4. far the Points 1. the 
— W P. 56. J. 2. for Probability of 7. Chances for. P. 70. I. 2. for = r. 
1 r. N fo Len. enn. r.. | 
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N. B. By an Alteration ; OW made in the 91h Problem, at 
the Correction of the Preſs, without remembering that the Senſe of the 
Juc two pmeceding ones depended thereon, it may ſcem at firſt ſight, as if 
the Solutions to thoſe two Problems would hold nearly true only in ve 
great Numbers ; whereas they are in all Caſes exaftly ſo, and were 
int ended to be underſtood ; as will appear from the N 
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| DEFINITION I * 
HE Probability of the Happening of an Event is 
to be underſtood as the Ratio of the Chances by 
which that Event may happen, to all the Chances 
by which it may either happen or fail. 


* ſuppoſing it were required. to expreſs the Probability. 


of throwing either an Ace of Duceat the firſt Throw with a 


ſingle Die; then there being i inall 6 different Chances or _— 
that the Die may fall, and only 2 of them for the Ace o 
Duce to come upward, the Probability of the H approing of 
one of theſe will be; or 2, and that of the contrary + or: 
Or, more generally, ſuppoſing there be 4 Chances for che 
Happening of an Event, and 4b Chances for the oontrary; then 
24 A | | the 
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The NATURE aid” | 
the Probability of Happening will be —<, and that of 


8 a 
COROLLARY. 
HeNcs it appears, that if the Probability of the Happening 
of an Event be ſubſtracted from Unity, the Remainder will 


be the Probability of its Failing, and vice verſa. 


DEFINITION IL 


12. Expitation'dn an Eyent is coiſider dias the priſerty 
tertain Value, et Worth of whatever Sum or Thing 


is depending on the Happening of that Event, and is com- 
pounded of that Sum and the Probability of obtaining it. 


COROLLARY. 
TxzREFoRE, if the Expectation on an Eyent' be divided by 


the Value of the Thing expected on the Happening of that 
wack the 1 will be the e, of Happening. | 


n E X AM P I. E. 


Bos A to throw once with a ſingle Die, on Condition 
_ that if either an Ace or Duce comes up he ſhall be intitled to 
20 Shillitigs; then, becaitſe the Probability of his receiving 
the ſaid Sum is? (Def. 10 * 205. or | 205. will be the Ex- 


pectation it in this Cafe. | | 
T® nd the Prove ano roo ffgud Eros Aalthoh 
happen.) by 


a7} 


Laws of CHANCE. 
Let the Probability of the Happening of the firſt of the 
two Events be denoted by IP. and that of the ſecond by 


b Fe wiTey and ſuppoſe the Happening of both to entitle a Perſon 


B to the Sum & Now if the firſt of theſe ſhould happen, 
it is manifeſt that, from that Time till the ſecond is determi- 


ned, the Expettation of B will be —x8, $, or ſo much is the 


Sum that he might i in that Circumſtance receive as an Equi- 
valent for his Chance of obtaining the Sum &. But the Pro- 
bability of getting 'into this en., or being intitled 
to the Value 5x81 being only 7 his Expectation there- 
fore, before cither of the F is decided, can be only 


ZIP part, of S 1 772 228 and therefore the 
required enen of e it, or 9 F Happening of both 


the Events, only 25 J that is, the Probability that 


any two aſſigned Ws ſhall both happen, will be equal to 
the Product of the Probabilities of the Happening of thoſe . 
Events conſidered ſeparately... | 


COROLLARY. 

WuxRE TORE, ſince the Probability of the Happening of 
each of theſe Events may be compounded of the Pro- 
babilities of the Happening of two others, as well as that 
of receiving the Sum & is of them two, Sc. it follows that 
the Probability of the Happening of any given Number of 
en i. e. that 10 ſhall all ae is equal to the Pro- 
duct : 


| . The NaTUR®E and 

duct of all the Probabilities of Happening of thoſe Events 

conſidered ſingly. 1 

But as this Concluſion is the Baſis whereon all the ſucceeding 
Calculations are founded, it may not be improper to enlarge a 
little farther thereon, and endeavour to render the ſame ſtill 
more familiar and eaſy by a Numerical. Exegeſis, in order to 
ſhew thoſe who are not ſo well acquainted with Algebraic 
Computation how to reaſon with Certainty on the Subject. 

I. Suppoſe A, holding a ſingle Die, to begin to throw, on 
Condition that if an Ace comes up both the firſt and ſecond 
Throws he ſhall receive 1/. Now if an Ace ſhould come up 
the firſt Throw, the Expectation, or Worth of his Chance 
would, it is manifeſt, then be g of 1/; but the Probability of 
getting into that Circumſtance being but ; ( Def. I.) the 
required Expectation before he begins to throw will ebe 
only; of 2 of 1/. This divided by 1/. gives 30 f for the Proba- 
bility of e the Sum propoſed, (Cr. to Def. II.) equal 
to the Product of the Probabilities of Happening of two. 
Aces, when conſidered ſeparately. 

II. B upon certain Conſiderations agrees to depoſit to 4 
the Sum of 50 Shillings, if in the three firſt Throws with a 
ſingle Die the latter throws three Aces. If an Ace ſhould 
come up the firſt Throw, it is evident, from the laſt Caſe, that 
the Expectation of A would be ; of 2 of 50 Shillings; but 
as the Probability of that Happening is only z, his Expecta- 
tion before the firſt Throw will therefore be but 4 of £ of 
of 50 Shillings; and conſequently the Probability of bis re- 


. ceiving the propoſed Sum 5X;x >(=5) equal to the: Product 


of the Probabilities of the Happening of the three compo- 


nent 


Laws of CHANCE. 


nent Events conſidered ſeparately ; agreeable to the general 
Corollary. 

Note, If, inſtead of throwing an Ace three times together 
with a ſingle Die, the Condition had been to throw three Aces 
at once with three Dice, the Expectation would have been 
the very ſame; And it may be farther obſeryed, that in divers 
other Caſes, where one Eyent is, or may be conceiyed to be, 
compounded of ſeveral others more ſimple, which are all de- 
cided at the ſame Time, as in throwing of Dice, Sc. it will 
facilitate the Reaſoning very much, to ſuppoſe them determi- 
ned one by one in a ſucceſſive Order. 15 

III. Imagine a Heap of 16 Counters, whereof 6 are red, and 
the reſt black; and a Perſon to draw out 2 of them blindfold: 
To find the Odds that one or both of thoſe ſhall be red ones. 
Let them be ſuppoſed to be taken one at a time, and that, if 
either of them prove red ones, the Drawer ſhall be entitled.to 
a given Sum, as 14. If the firſt drawn ſhould happen to be 
red, his ExpeQation on the ſecond would vaniſn; for as the 
Happening of one red one inſures to him the propoſed Sum, 
it cannot be of the leaſt Adyantage to draw another red one 
afterwards; and therefore the whole ExpeQation on the ſecond 
Counter is compounded of, or depends on, the Probability of 
drawing a black one firſt, and a red one next after. Now the 
Probability of drawing a black one firſt, is 3; and if a black 
one ſhould be drawn, there being then only 15 Counters re- 
maining, the Probability of taking a red one next, it is ma- 
nifeſt, would be x, and the Expectation thereon g of 1/, But 
the Probability of getting into that Circumſtance being only 
3, the true Expectation on the ſecond Counter is therefore on- 
ly z of ; of 1% which added to & of 11. his Expectation on 

| ie the 
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the firſt, gives; of 14 ſor the total; wherefore the n. 
lity that one or both the Counters ſhall be red ones is 5, and 
the required Odds as 5 to 3. But this may be determined 
with more Facility, by firſt finding the Probability that nei- 
ther of the two Counters ſhall be red ones; for if the firſt 
ſhould come .out a black one, of which the Probability i is 2, 
then there remaining but 15 Counters, the Probability of 
taking a black one next would be 2; which drawn into ( 
the foregoing (See the Cor.) gives; for the Probability that 
both the firſt and ſecond ſhall be black ones; and therefore the 
Odds are 5 to 3, as before found. | 
TV. Let there be a Lottery, conſiſting of 100 "Tickets, 

wherein there are four Prizes: To find the Probability 
that in the three firſt Numbers that are drawn there ſhall be 
one or more Prizes. Here, as in the laſt Caſe, it will be 
convenient to find firſt the Probability that none of thoſe 
Numbers ſhall be Prizes: In order to which, let the firſt: be 
- ſuppoſed to have come out a Blank; then there being 99 
Tickets remaining, and 95 of them Blanks, the Probability of 
- drawing a Blank next will, it is manifeſt, be ; which there- 
fore multiplied by 1 the Probability of the firſt coming out 
as ſuppoſed, yields Zx= for the Probability that the two 
firſt Tickets that are drawn ſhall be both Blanks. If both 
theſe ſhould happen to be fo, the Probability of taking a 
Blank next will be Z , which therefore drawn into & gives 
(EXEXS===) the Probability of drawing all three Blanks; 
this ſubſtracted from Unity (Cor. to Def. I.) leaves #5, for 
© the required Probability of taking one or more Prizes; where- 
fore the Odds that all the three are Blanks, are as 7144 to 
941, or as 15 to 2 nearly. 


V. B holding four common Dice, bets one Guinea to two, 
that 


Laws of CHANCE. 


that one Ace, and no more, comes up the firſt Throw: To 
find his Ad vantage or Diſad vantage. Let the Dice be conceiv- 
ed to be thrown one by one: Then if the firſt ſhould come up 
an Ace, the Probability of miſſing the Ace all the next 
three Throws being z; (Caſe II.) the Probability 
that the firſt comes up an Ace, and all the reſt otherwiſe, is 
; of {xix5=2&. But ſince this is only one of four Ways 
by which B may win, or becauſe there is the ſame Chance 
that the 2d, or 3d, or th, may come up an Ace, and the reſt 
otherwiſe, Zx4=2E will, it is evident, be the Probabi- 
lity of B's winning; wherefore his Expectation on the three 
Guineas is Z of that Sum, from which deduQting his 
own Stake, there remains Z of a Guinea =3s. 3d. for the 
required Advantage, or ſo much is the Sum that he might 
give, upon an Equality of Chance, to another Perſon to ay. | 
him the ſame Wager. 

VI. One with a ſingle Die propoſes to 8 the Ace twice 
before either the Duce or Tray comes up once; To find the 
Odds againſt him. There is given the Probability that the Ace 
comes up the firſt ſignificant Throw, where either Ace, Duce 
or Tray muſt come up, equal to 4, which is alſo the Proba- 
bility of the ſame Thing happening the ſecond ſignificant 
Throw; wherefore the Probability that an Ace ſhall come up 
both thoſe Throws, it en will be 3 of 3, or 3, and 
the required Odds as 8 to 1. 


PROBLEM 7 8 > 


L Tany given Number (u) of Letters, as A, B, 0 D, E, 

&c. or Things repreſemed by them, be diſpoſed ; in a regu- 
lar Order; and let a. given Number (p) of them be talen, 
one by one, as it bappens : To find the Probability that they 


ſpall” 
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ſhall come out according to the very Order in which they are 


placed; as A iſt, B 2d, C 3d, &c. 


SOLUTION. 
| StxcE there are x Letters in all, the Probability of drawing 
A farſt is =. If A ſhould be fo drawn, mn, 
—1 34 the Probability of taking B next will be— 
whence (Gor. to Prob. I.) it is manifeſt that the Probability 
that A is taken firſt and B next, is =x— If theſe two 
ſhould be fo taken, the Probability of drawing C next will 


be ——, becauſe then only #—2 Jn will be re- 
maining : Wherefore, (by the ſame Gor.) - - „= 


the Probability of taking the three firſt according to the Or- 
der propoſed: Whence, from the Manner of the Proceſs, it is 
evident, that the Probability of coming out of the 4, 5, or 


| a 
6 firſt, Sc. according to the ſame Order, will EONS 


I I 1 1 1 1 1 1 1 1 
— —, Xx —x— . — x —, OT X X 


#—2 —3 2 #—1 #—2 —3 #—4 1 t—1I #—2 


,. reſpectively; and conſequently that 


1—3 1—4 2 —5 
the required Probability is "x 


I 
1x 4— 1 x #—2, &c. 


X 


I I I 
A—A 
81 HY — 2 H— 3 


5 Sc . continu- 


, whoſe Denominator 


ed to p Factors, or 


conſiſts of the ſame Number of Factors. 


COROLLARY. 


Hence if p be ſuppoſed =», or all the Letters, or Things, 
be 


Laws ff CHANCE. 
be to be taken, the aboye faid Probability will become 


1 8 | 
—: Therefore ſince there is but one 
IX 2X 3X4, &c. to 7 


Chance, or Way, for all the Letters, or Things, to come out 
in that Order, it follows that the whole Number of Permu- 
trations, or all the different Ways which the ſame Things can 
poſſibly be taken, will be the Denominator of that Fraction: 
Or, 1x2x 3x4, &c. continued to as many Factors as there 


* (Def. I.) 


c E X AMP L. E. 

Sup ros it were required to find the Number of Changes 
on 7 Bells; then taking the firſt 7 Factors of 1x2x3 x4, 
&c. and multiplying them together; there comes out 5040, 
for the Number that was to be found. 


PROBLEM IIL 


IF out of e vious Number () of Things, as A, B, G D, 
E, F, Sc. a Perſon be to take a given Number (p) of chem, | 

as it happens; ; what is the Probability that the Things ſo 

talen ſball be the (v) firſt of the foregoing Order, as A, B, C. 
and D, Gc. | 


SOLUTION. 

' Let the Things be taken one by one; then becauſe, in the 
Whole, there are p affigned, the Probability of drawing one 
of theſe firſt will be 4 If one of thoſe ſhould be drawn, 
then there remaining #—1, of which p—1 will be of the 
Aſſigned ones, the Probability of drawing one of theſe next 
would be r; wherefore, ( by Gor. 10 Prob. I) =, 

TE C will 
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will be the Probability that the two firſt taken ſhall be 
both of the Aſſigned ones. If both thoſe ſhould be fo, 
the Probability of taking _—_— of the Aſſigned ones next, 


it 13 obvious, would- be So =" therefore (by the ſame) the Fro- 


bability of all the * firſt being of the Aſſigned ones is. 


= nr Whence, from the Method of. the Proceſs, it; 


is manifeſt that the Probability ſought will be „ W 
E. 23 —S E=. &c. continued to 7 Factors; Wa which 1s 


AY, 4 
the ſame, = — 2 2 2 

AN- IX 2-3, &c. 
tor and Denominator conſiſt each of p Factors: But the Fac- 
tors in the Numerator farming an Arithmetical Progreſſion, 
whoſe greateſt Term is p, and common Difference 1, and 
the Number of Terms being p, the leaſt Term or Factor muſt 
neceſſarily be =1, and the ſaid Numerator in an inverted 
Order, 1x 2x 3x 4, Kc. to Pp; ; and conſequently the Probabi- 

IX 2X 3X4 

r ee TIN 35 8 


COROLLARY. 


Ir the p Things, . drawn one by one, as above, be mixed 
again among the reſt; and a ſecond Perſon afterwards draws, 
at random, an equal Number, p, at once, it is manifeſt, that 
the Probability of his taking the very ſame, or any other, P, 


Aſſigned ones, will be — — „&ôe. the ſame 
u- In- 2K — 3? 


as above; & and therefore ſince there is, here, only one 
Chance or Way fot taking the faid p aſſigned Things, this 


one Chance muſt be to the whole Number of Chances, or all 
the 


where the Numera- 


Laws of CHANCE. 


the ſeveral Ways that p Things can be ſo taken in #» Things, 
as the Num. of the above Fraction to its Denominator, by 
Def. I. Whereſore the Number of Combinations, or different 
Ways by which » Things may be taken, p by p, is equal to 
— ES &c. to p Factors, „ , 2.122 = Kc. 


—-X 


152x3; Ke. top Factors, 1 2 3 


continued to as many Factors as there are Things; in one ne Com: . 


bination. . 


E X AMPLE. 
Lr it be required to find how many different Pairs, or 
Pao en of two, can be made with four Aces. Here ta- 


king —— the two firſt Factors of the general Expreſſion, 
(adi: Ac are the Things i in one Combination) and writing . 
four inſtead of u, we. have 2 2 $A =6 for. the. Number that 


* » 


was to be found, 


- PROBLEM III 


75 ER E are ſeveral Sorts of Things, or Letters, as aaa, 
bb bbb, cccc, dd d dd d d d, to be mixed promiſcuoaſip 

rogether, in order to be. taken one by one, as it happens. 

What is the Probability that any given Number of theſe 


Sorts come out in the very Order here extnbited, i. e. that all 


the a's come out firſt, all the bs next,. Sc. Sc. 


es. U T: I 0 N. 
bade the Nambei of Letters of all Sorts is here 20, 


and that of the firſt Sort 3; the Probability that theſe 


ſhall be all taken before a Letter of any other Sort, is £ x 
5 5 (ih Jaſt Fr 06.) If theſe thould be ſo taken, the 


42 
TTO- 


114 


— — — 


— 2 ˙ K ————— —ů We zT ͤʃ—Ukaa C- 


— 


The NATURE and 


Probability of drawing-the #s-next in Order, it is mantſeſt, 
would be 23x 2x £25: (by\tbe ſame); Wherefore the Pro- 
bability that both 4 and #s ſhall be taken in Order 
will be £x2xixEx Ex ANNA (by Prob. I.) In like manner 
the Probability of taking the three firſt Sorts in Order, will 
be had SX EXAXEXS xIx 2xExEx2xLxSs - which 1s alſo 
the Probability of taking all the f6rrSorts in Order, becauſe 
when the firſt three of them are ſo taken, the laſt muſt follow 
of courſe. 


COROLLARY. 


Ir the Number of Letters, or WHITE the firſt Sort de 
p, of the ſecond Sort g, of the third 7, &c. and if # be the 
whole Number of Things of all Sorts: It is evident by In- 
ſpection, from the foregoing Proceſs, that the Probability that 
any Number of thoſe Sorts will come ont in the CINE 
Order 1s | 
IX2X3, &c. to p, x 1x2x3, &c. to 2 e to 7. Ke. 
7 17 2 3XB— 4X GX OEM Tx Bx1— 9,&c. 
where the Numerator conſiſts of as many Se ies as there are 
Sorts'to be taken in Order, and the Denominator of as many 
Valdagoas there: are in all thoſe Series. | 


PROBLEM V. 


Segen the Proportion of the Chances for the Happening 
an Event to the Chances for its Failing be as à to b, 
in = one Tryal, and (n) be the Number of Tryals : To find the 


Probability that the Event en times in mo 


7 
1 84 N 150 SOLUTION. Heel) 
| Seen ts bc of apr ft Even a ay 


Laws ef CHANCE. 


one aſſigned Tryal i is — 2 and that of the contrary 77 ; 


the Probability that it {ball happen all the p firſt Ter 
and fail all the reſt, will therefore (by Cor, to Prob. 1.) be 

1 apt 
NN N A 
bility for its Happening any other P aſſigned Tryals, and Fail- 
ing the reſt, it is manifeſt that as many different Ways as 9 
Things can be taken or combined in # Things, Juſt ſo often 


But as there is the ſame Proba- 


422 
ought the ſaid Probability 7 be repeated to give the 


Value ſought ; 2 that Number of Ways or Combina- 
tions 1 2 dare : „Kc. to 7 Factors, (by Prob. III.) 


NN —1 H—2 1 — 
2. of — X— X 3 
YYY 1 4 5 


Value QE I. 


will conſequently be the 


0 0 R 0 L L 4 | 5. AE | | 

Hencs, if p be taken equal o, 1, 2, 3, © ce e 

| : 1 2 la I P27 
the faid Value will become 


3 —.— 

71 5 3 (8! 
Preciſely, o, 1, 2, 3, &c. times, reſpectively; where the ſeve- 
ral Terms are thoſe of the Binomial 6+ raiſed to the Power 
whoſe Index is , divided by that Power. And therefore if 
from the Binomial 4+ raiſed to the » Power, all the Terms 


&c. for the Probability of Happening 


where the Indices of. à are leſs than p, be taken and divided 


by aT, the Quotient will, it is manifeſt, expreſs the Pro- 
bability that the propoſed Event ſhallnot happen ſo often as 
P times in the given Number * Tryals: But if the remain- 
In | ing 


Wa 
 a+6V a+6 2 ＋ 4 e 


13 


14 De NaTUR® and 
ing Terms, or thoſe where the Indices of à are not lefs than 


þ, be divided by Y, the Quotient will then be the Pro- 
bability that it mall happen, at leaſt, p times in thoſe 500 


EXAMPLE I. 


A, with four Dice, undertakes to throw one i Bice and no 
more at the firſt Throw ; What is the Odds againſt him? 
By conſidering the * thrown one by one, and the 


four Throws as ſo many An os we have n=, fp=1, 4, 


b=5, and therefore e equal to 5 85 "x 4=E for 


the Probability of throwing one Ace preciſely ; Wherefore 
that of the contrary is E, and the required Odds 199 to 125, 
or 8 to 5 nearly. 


EXAMPLE I 


SurposING One to throw up nine Half-pence; What is 
the Odds that thete come up more than three Heads ? | 

Here (by ſuppoſing as in the above Cafe ) » will be Sy, 
a=1, andb=1 ; Wherefore taking the 4 firſt Terms, 1 + 9+ 
Six] (=130) of r+1 raiſed to the gth Power, and 
dividing their Sum by 1+1ÞP (=512) according to the Co- 
rollary, there will be ; for the Probability that there come 
ndt up four Heads; Therefore the Odds are exactly as 1 91 to 65. 


EXAMPLE. III. 


Turk is 4 Lottery conſiſting of a great Nomberof 
Tickets, 1whereof the Prizes are to the Blanks in the given 
Proportion of 1 to 3: What is the — r 
Tickxts there ſnall omi f, two Prizes? 


Suppe ain Tickew to be Sako one by-eacz-and r it be 
firſt 


Laws of CHANCE. A415 


firſt inquired what the Probability is that there come not out 
two Prizes; Then # being=7, a=1, b=3, and p=2, we ſhall 


have * = for the Anſwer; and therefore the re- 


quired Odds well be as 4547 to 3645. But it muſt be ob- 
ſerved that this Proportion is not exactly true, as in the ſore- 
going Caſes; for here the Ratio of à to &, or the Probability 
of drawing a Prize, will not every Tryal be exactly the ſame, 
but greater or leſſer according as a greater or leſſer Number of 
Blanks has been before taken; whereas in Dice, &c. the Pro- 
bability of throwing a given Face, &c. ever continues the 
ſame. However when the Number of Tickets is large, the 
Alteration of the Ratio 7 being then ſmall, this Method of 
Solution will be ſufficiently near the Truth; but in other - 
Caſes, or where a rigid Accuracy is inſiſted on, it will be beſt + 
to have reference to the 8th Problem. | 


N. B. That an Expreſſion placed in a Parentheſis, imme- 

 diately after any Product or Series, is every where put to 

edu the Number of Factors, or Terms, to.which that Pro- 
duct or Serics is to be continued; As (p) at the End of 
IX UI X1—2XN—3, or AX U—1 XM—2X1—3 (?) ſhews 
that the Product nx #u—1 x #—2, Gc. is to be continued fo. 
as many Factors as there are Units in (b . 


PROBLEM VL. 


THE RE i is a given Number of each of ſeveral Sorts mY 
* Things, (of the ſame Shape and Size) ;, as (a) of the firſt 
Sort, (b) of the ſecond, &c. put promiſcuouſly together; out of 
ich = given Number (i) is to be taken, as it happens ; 

To * that there fil cows out previfoly a 


given 


16 The NatURYE and 


Given Number of each ſort, as (5) f the firſt, @ of the 
ſecond, ) of the third, Gc. 


SOLUTION. 


Ix order to render the Solution of this Problem as eaſy as 
may be, let the Things of the firſt Sort be ſelected from the 
reſt, and of thoſe conceive the given Number 7 to be placed 
between A and B, or in 
the firſt Diviſion of the A. b—q — —ĩ v 


2 


line AE, and the reſt be- R 8 N 

tween Q and R, or in | 

the firſt Diviſion of QV : 

In like Manner, let the A nap - | 7 e E, 
Things of the ſecond and e [1D 7 


third Sorts be ſelected 
and be diſpoſed of aſter the ſame Method in the ſecond and 


third Diviſions of thoſe Lines reſpectively: And let us firſt 
inquire how many Combinations may be made of 9» Things 
in the Line AE, by mutually changing, one by one, the 
Things in that Line for thoſe in the other Line QV, under 
this Reſtriction, that in every Combination the Number of 
Things of each Sort ſhall ſtill continue the ſame : Then be- 
cauſe the ſame Number of Things of each Sort, or in each 
Diviſion of both Lines, is to be preſeryed, a Thing of the 
firſt, ſecond, or third Diviſions of the lower muſt always be 
changed for one in the correſponding Diviſion of the upper ; 

and therefore it is manifeſt, that as many Ways as p Things 


can be taken in @ Things, which iS x x (p), Prob. 3. 


ſo many Combinations may be made in the Line AE, or Q, 


without changing any one of the Things beſides thoſe in the 
firſt 


Luws of CHANCE. 


firſt Diviſions of thoſe Lines: And for the ſame Reaſons. it 
is evident, that the Number of Combinations in each of the 
ſame Lines, without changing any Thing beſides thoſe in 
the ſecond or third, &c. Diviſions, is 1 . , (4) or 


3 
7 (r), &c. reſpectiyely. 
But ſince 7 (4), the ſaid Combinations in the 
firſt Diviſion, may be repeated every time a Thing of the 


ſecond Diviſion is changed without altering any thing in the 
| 42 A—1 4—2 þ b—1 b—2 
ſucceeding Diviſions, . (2) into * 


3+ 
() muſt conſequently be the Number of all MA Combinati- 


ons that can be produced by changing the 'Things of the firſt 


and ſecond, without affecting thoſe of the other Diviſions. 


But this Number of Combinations may in like manner be 
repeated every. time a Thing of the third Diviſion is changed; 


and therefore all the Combinations that can be produced un- 
der the propoſed Reſtriction, without changing any of the 


Things beſides thoſe of the three firſt Diviſions, will be. 


Ig 2 3 

from whence the Proceſs and Law of Combination are mani-- 
feſt. Wherefore, having now found all the poſſible Ways: 
that the Things can be taken to have the propoſed Numbers 
of each Sort, we are next to ſee how many Ways the ſame 
Number (n) of Things may be had without any Reſtriction. 
This Number of Ways, if » be put a c, m the whole 


Number of T hings, will be 7 = TR Ln —= G (by the 


== 


1 23 2 


"The Naruvxz as” 
aforenamed Problem): And therefore 


2 4—1 a—2 10.5 b 1.9—2 (Din. ED c 7 


e e 
e 
muſt conſequently be the Value. Q. E. I. 


COROLLARY I. 


Hence if the Number of Things of each Sort be equal, 
and thoſe propoſed to be taken of each alſo equal, and w be 


put for the Number of Sorts, ba: Probability, it is manifeſt, 


a 4— 
— X 


2 * 


n. ries wo 
| 7 = (m) 


COROLLARY II. 


Wurx there are only two Sorts of Things, then 0 4 2 , 
&c. become =0, al, P+9=m, and 4. | 
0 6 6—1 00 | 


"es ht 
7 HI 2 — 3 Til to the required 


24 * 


R 
Value in that Caſe; ich, when it is propoſed that no 


one of the firſt two Sorts ſhall be taken, will become 


5 $1,422 (m), becauſe then p is =0, and gm 


EXAMPLE I. 


| Inn a Lottery conſiſting of 99 Tickets, whereof there 
are two Prizes of 1000/. and five of 100/.. What is the 
— * 


Laws of CHANCE. 


Probability that in taking 6 Tickets there ſhall be juſt one 
Prize of each of thoſe two Sorts? Here # being = =99, M=6, 
4 n, b=5, c=92, d o, &c. f=1, q=1, 1==4, S=0, XC. 
-the Value ſought, by the general Theorem, will be equalto 
*XIxExXExLx2 z_— _23x25x89x91 _ 4656925 I 


* F PEE. * 2 ie 186780876 23 40 
nearly. . | 


* EXAMPLE. II. | 
Surpost One to draw four Cards out of the whole Pack; 
and let it be required to find the Odds that there ſhall not 
come out juſt one of each Sort, as one Heart, one Diamond, 
&c. Becauſe, u, the whole Number of Things (or Cards) is 
here =52, thoſe taken (or m) ; (w) the Number of 
Sorts A; 4, , c and d, each =13; and p, 9, r and s each 


55 e 
: By Cor. I. we have = for the Fin 


c 
of eee ; therefore that of the contrary is 2, and the 
by rr 9 as 18628 to 2197, or 9 as $1 to 1. 


EXAMPLE III. 


Lr there be a Heap of twenty Cards, wharia are ſeyen 
Diamonds, ſix Hearts, four Spades, and three Clubs; To 
find the Probability that in drawing eight of them, at a Ven- 


ture, there ſhall come out juſt three Diamonds and two Hearts. 


Here, becauſe the Anſwer is reſtrained only to the taking 
of three Diamonds, two Hearts, and three other Cards that 
are-neither Diamonds nor Hearts, theſe laſt, or all the Black 
ones, in reſpect to the general Theorem, may, it is manifeſt, 
be confidered as one Sort. And we ſhall have, a=7, b=6, 
£==7, #==20, M=8, P=3, q=2, f=3;3 and therefcre 

x 


19 


The Nature and 
2 


> > | | 
xx 35X35_ 1 295 ww Probability: 
N Tec D 3978 


Wherelore the Odds i is as 2755 to 1225, or as 9 to 4 nearly. 


EXAMPLE IV. 


Taxzxt is a Lottery conſiſting of 10,000 Tickets, among 
which are three particular Prizes ; What is the Odds that a 
Perſon in taking 2000 of them ſhall not have all thoſe Prizes? 
As it matters not, here, whether there be other Prizes in the 
Lottery belides theſe three, the other 9997 Tickets may be 
all conſidered as Blanks; and then the Probability of taking 
the three Prizes with 1 997 of theſe Blanks, (by the Theorem 


Kc. tO 1 Factors 

in Cor. II.) is 2x22 = Kc. to — Factors n 

Expreſſion, by reaſon of the great Multitude of Factors it 
involves, muſt be impracticable without 4 proper Method of 
Reduction, and as this will always be tlie Caſe where the 
Number of Things taken is very large, it may not be im- 
proper to ſhew here how the Theorem itſelf may in thoſe 
Caſes be contracted. In order thereto, - equally multiplying 
both Numerator and Denominator byſix2x.3x4 (#2), our ſaid 
Theorem omg Cor. II.) will, it is manifeſt, firſt become 


4 8 42 X i into bxþ— 1xb— 200 into m e 


2 1 reren 14 rr 


11 Xu 273 XA—4XN—$ 0 3s 


where, by breaking the Denominator into two Parts, ſo that 
the firſt Factor of the latter may be , it will next ſtand thus, 
7 (p)in. 5b 1xb—2 (J) in. WxXB— LxM=—2 (2) 
— 775. = 1 29-3 (a) in, 080—T Da (ma) * 
where equally by #Xb— bra (m—a) it becomes 


7X 


Laws of CHANCE. 
2 a1 


7 ( 91 in. a Lö- - —1 (a+9—m) in. nxn1 ( 2) 


—̃— 


nn -- IX Au- 2x 1— 3X1 —4 (a). 

where puting & for a+b—m = the Things remaining after 
(=) the propoſed Number is taken, and for a+q-—m its 
equal mo it will, at length, be reduced to 


Ce „ hin Ea 1-20 in en 1100 


1 


tt... th 


71 7277 45 (a) 
equal to the Probability of taking preciſely p Things of that 
Sort whoſe Number is 4: By help of which it will now be 
eaſy to proceed in the Proſecution of our Example ; for here 
# being = 10000, W=2000, ee 4 = 3, and p=3, the 


ſaid Expreſſion becomes - 1X 7X3X2000 x Io99x 1998 = 
LD000X 9999 x 9998 


= equal to the Probability of taking all the three 
Prizes; W herefore the required Odds is as e bo 


1997001, Or as 124 to 1 nearly. 


n EXAMPLE V. 


Tux ame Things being ſuppoſed as in the laſt Caſe; Let 
it be required to find the exact wo that there comes out one 


or more Prizes? . 

In this Caſe, it is manifeſt, the Anſwer may be obtained 
by ſeeking ſeverally the Probabilities of taking one, two, 
and three Prizes, and adding them together, &c. But by firſt 
making the Probability of taking no Prize at all the Sub- 


For of our Inquiry, it will be eaſily had at one Operation: 
or then p being =o, the general Expreſſion (contracted as 


#44 % 


8000 7999 7998 __ 127952004, 4 
abore) bene eee 
F ſore 


21 


22 


"The NATURE and ' 
fore the Odds are as 127952004. to 121 973001, that there 
comes out no Prize. | 


PROBLEM VII. 


CUppo/ing a great, but given Number of each of two Sorts 

of Things to be put promiſcuoufly together ; To find how 
many muſt be taken out of the Whole, to make it an equal 
Chance that they ſball all come out of one given Sort. 


SOLUTION. 


Ix a be put for the whole Number of Things, & thoſe of 
the given Sort, and n the Number required; it is manifeſt 


from Cor. IT to the laſt Prob. that the * Vn of taking 
1 þ—2 


all the Things of that Sort will be TY 2 (m) ; 
which, by the Queſtion, muſt here ; bu 9 , — 


being nearly equal; becauſe & and » are 1 Numbers, 


5 6—1 b—2 life $03 e n 
5 - (m) (= 5) will de -x-x- (in), or „ Very near- 
ly; whence in Logarithms 1 into Log. — Log. 2 


Log. „ * Le Le en. I. | a , 1 


EXAMPLE. 
Ix a Lottery conſiſting of 100,000 Tickets, in which the 
Blanks are to the Prizes as 9 to 1, how many ought one to 
take, to make it an equal Chance that there ſhall come out one 
or more Prizes? Or, which is the fame, that there ſhall be no 
one of them Prizes? Here # being 100,000, and 5 90,000, 


the gene! ral Ex oreflicn becomes — J0103 
5—4-95424 


—=6. 58 ; which 


not coming out a whole Number, ſhe ws there can be no exact 
Equality 


Laws off CHANCE. 
Equality of Chance in this One, 6 beings too s and 7 U too 
great a Number. 


PROBLEM VIIL. 


TE E ſame being (1 uppoſed as in the laſt Problem; To find 
the Probability that in taking a given Number ( 5 of thoſe 
Things there Wen not come out a Ban Number (?) of * 


S0 LUTION. 


Turs Problem may be ſolved in any Caſe, from 
Cor. II. to Prob. VI. by finding at ſeveral Operations the 
Probability of taking pregilcly all the inferior Numbers to 2 
the propoſed one. But theſe Operations may be yery much 
contracted; for if (as before) à be put for the Things of one 
Sort, b thoſe of the other, and n the whole N _ of beck 
Sorts, it is manifeſt from thence, that 


8 85 " 208 will be the Frys . 
CET 2 —1 #—2 + (m).. | 


—L—X "eg: 
bability of taking 5 Thing preciſely of that Sort wholh 
Number is 4. Therefore if p be ſu T1 to o, 1, 2, 3, 
&c. ſucceſſively, and A be put = 5 * 0m) = the 


Probability of taking none of the ſaid Sort, and - j 
then will A FLA, m M—T 4. —1 m 1 — 1 n—2 a 


——=X =X 
225 = CA Ke. be the chair Probabilities of drawing 


2b ANI 1 5 265 AI TZ 1 | 


05 I 25 3, Ke. of that Sort, preciſely : Wherefpe A+7F * 
Are N N =p, Ke: 


con- 


The NaTuRE add 
continued to as many Texme:ae there noe Ladies: in #, will 


be the Probability ſought ; B, C, D, &c. denoting the 
preceding Terms. 


BXAMPLE 


Is a Heap of 10 Cards whereof orie half are red and the 
other half black ; What is the Probability that in drawing 
5 of them at a Venture, there ſhall come out 3 red 
ones? Or, which is the ſame, that there ſhall not come out 
3 black ones? Here & being 5, (=, #=10, p=3, and 
m=5 ; A or = (m) will be >, and þ E 

—1 13 


Iz; vbereſore A- A + Fm became —+ 


25 100 
= += 1 which therefore is the e Value in 


this Caſe. 


PR OB L E M IX. 


TH E ſame being till ſuppoſed as in the preceding Problems, 

and that the ſaid Things are to be taken one by one as it 
- happens; To ſiud theſ Probability that the (p) firſt ſpall all come 
out of: the firſt Sort, and the next after of the contrary Sort. 


| SOLUTION. 
Tue Number of the Things of the firſt Sort being a, that 
of the ſecond Sort &, and the whole Number of both Sorts u, 
nenne will, it is 
manifeſt, be = 2; If this ſhould happen, that is, if one of that 


Sort ſhould be actually taken, then there remaining only a—1 
en of taking one of tboſe next 


would 


2 


Laws of CHANGE. 27 
would be EG ; wherefore the Probability of taking both 


the two = of the ſaid Sort will be 7 ef 110 J. 0 
From the Manner of which Proceſs it is evident that the Pro- 
bability of taking : all the firſt m of this Sort will be 7775 TIEN 


r , 


22, = () :'But if theſe ſhould be i taken, the Pro- 


1— 2 W—3. 
bability of: "nn one of bits other Sort x next will — 3 


et: [iz * 15 A 


u un un 1 2-2 


75 992 a— —z ad 1) is the Velde that was to be found. - 


P RO BRI EM E hd on 


Na. determins the Odds at Bowls, or other Games C the a 
like 12 in any Circumſtance of the Play. [ZH 


$O0LUTLON:.. 


FRS fiphol! the Players to be only A and B; or, that 
there are 4 2 Bowls of « a Side: Then, as the Probability that” 


as, that of taking 2 Things out of 4 Things of 2 Sorts, ſo 
that the firſt may. come out of, the firſt Sort, and. the other of. 
the contrary; the ſaid Probability, it is manifeſt, will be 24 
by the laſt Problem; And, for the like Reaſon, the Probabi. 
lity.of winning 2 Bowls at an End will, by the-ſame, be had 
=7x*x:=;, And the. like may be had in any other Calc | 
when the Players are a greater, Number. 1 

This being premiſed; Let A want 2 of being up, and BI; „ 
and the Value of the Thing - for be denoted by 1. 


16 
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13 4 gets juſt tat the finſt End, of which the Probabili- 
ty is; (per above) he will be in the fame Circumſtance with 
* Antagonift; and therefotc entitled to i tlie whole Stake, or, 
2 Whereſore his Expectation on, that Event, while it re- 
mains uncertain, will be; of = But if he ſhould get 2 he 
will be intitled to (if the whole Stake: wherefore as the Pro- 
bability of, gotting 2-35, lis ExpeRtationon this Event will 
be, alſo, „ which added to the foregoing will conſequently 
give-(;); thei totabExpettatiow of Min the propoſed Circum- 
ſtance ; which ſubſtracted from (1), the whole Stake, leaves that 


of B, and therefore the Odds are as 2 to.1 in this Caſe. 
Let A-want- 3,” and Bas before. Becauſe the Probability | 
that A gets juſt one at the firſt End, or there brings the Play 


to the Circumſtance. of tlie above Caſe; is j and as his Expecta- 
tion in that Circumſtance will alſo be; (per. above) his preſent 


Expectation on: -that. Event will therefore be „ But if he 


ſhould get 2, he will be entitled to half the N Stake, or 


2; which — multiplied by , the Probability of getting 
2, gives..z for his Expectation on this Event; Whence 3 + 
y the: Sum .of; theſe 2, muſt be the total ExpeQation of 4 


in, this Caſe; hence that of B 55 and the Odds a8 29 to 7. 


Let A want 3, and B 2. Now A muſt cithet yet 1 1 or 125 
at tlie firſt End; or, B 1 or at che fame End. * | 


Ma Fork he is entitled to! 2 the Stake, whictrmultiplied 
by4, — it, is , the ExpeRation on that Event. 


If he gets 2 he is entitled to? Þ „ 25 e firſt Gp; therefore 
the ExpeQation on this Event i 18 6 = 


If B gen, A will be eite to, 1 5 5 laſt Caſo); wet 


there- 


Laws of CHANCE. 
thereſbre on this Event his Expectation is XA => But if 
B gets 2 the ExyeGatioh of A will be nothing at all; There- 
fore Ig n, the Sum of thoſe 3; is the total 3 
of A in this Caſe. And by proceeding on in this Manner 
the Expectations of the Gameſters may be determined in any 
other Cireumſtance of the Play; and Tables calculated to ex- 
hibit the Odds, not only when the Players are 2, but a greater 
Number. The firſt of the 2 following Tables ſhews the Odds 
when there are only 2 Players; and the laſt, the Limits of the 
leaſt Odds when the Players ate indefinite, the Odds in any 
Circumſtance of the Day. growing: leſs as the Number of 


Players is increaſed. 5 W 
Tar. Nel. Tah Nelvz 
3 "* LE By a1 24-1. 6 + 3( 4 «x |, 
6 29 7 ee n gf 2.3 10 
bei: y 34 e e ere TR Ot 98 
Lei 47 [a2 ii OF FT. 41: Sis $2 if 
3 71: 37] 193+ 1 3 77 gi 1 22: . 
412 247: 77 ou Ip 4 175 81] 2 3:1 
5 nen S * zone: cr $2 29 
t | 607: 3656 41 914 4 3 Loot: 4a 1. $21 
5 1 1 22607 2 41 & || 5311: 2781] 1 BD : I 
4514413507: 21485\] 117 * 3 LN 


Now by the Help of theſe Tables the Odds may be nearly” 
had in any intermediate Caſe, as follows, vir. In the pro- 
poſed Circumſtance, be it what it will, from the ſaid Tables, 
find the Probabilities of winning in thoſe two Caſes for” 


which” they are calculated, and let thoſe Probabilities 


be denoted by p and P reſpectively, and let be the 
Number of Players in the Cafe propoſed; then will P—; 


— be the * of winning in that Caſe, neatly. 


EXAMPLE. 


4055 ros the Number of Players to be 6; and one Side to 
want: 


DD. 


. £ 
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want 2 of being up, and the other 4. Then by the Tables 
the Odds will be as 3; to 1, and 2; to 1; and therefore the 
Probabilities of winning £, and © reſpectively, (in thoſe Caſes 
for which the Tables are calculated under the ſame Circum- 
ſtance) ; Wherefore P is here = and p n and therefore 


= 32 nearly = the Probability of winning in the 


1197 7 


Caſe erf whence the Odds are as 5 tO 2 nearly, 


PROBLEM XL 


TW O Perſons (or Parties), A and B, play together with 

(n) Bowls a Side; the Skill of A to that of B, or the 
Odds that any a ffigncd Bowl of A is nearer to the Jack 
than any aſſigned Bowl of B, is in the given Ratio of (a) to 
; To find the Probability that A has of- getting a given 
Number (p) or more, and alſo that of getting tbat Number 


preciſely at any End aſſigned. 
 $0LUTION. 


Six ck the Odds, or Chances, that any aſſigned Bowl of 
A comes nearer the Jack than any aſſigned Bowl of Bare as 
4 to b; each Bowl of A may be ſuppoſed to contain 4 Chances 
and * one of B, & Chances; and then the Number of 
Chances in all the Bowls of A being na, and the total Num- 
ber of all the Chances a ub, the Probability that. ſame one 
of A's Bowls comes nearer to the Jack than any one of B's 


will, it is manifeſt, berg z or, if ar be put=#xa +6, equal 
to - Now if x of 4's Bowls ſhould come neareſt then, he 


having #—1 Bowls, or ax» —1 Chances remaining, the Pro- 
bability of his haying a ſecond Bowl nearer to the Jack than 


Laws of CHANCE. 
4 — — 1 ax 1-1 
n Tas © 


any one of B's would, it is maniſeſt, be 


— Wherefore the Probability that A ſhall have 2 Bowls 


nearer to the Jack than any one of B's is 75 — (5 Ger. to 


Prop. T.) In like Manner, the Probability that A ſhall have 
5 Bowls nearer to the Jack than any one of B's, will be found 


r (?); which is an Anſwer to the firſt Part 
of the Queſtion: Now if that ſhould happen, of which this 


T1 I—1I Iſ—2 I—3 
laſt Expreſſion is the Probability; then there remaining ri 
Chances, and nb of them in Favour of * the Probability that 


; Therefore (by 


one of his Bowls comes next will be 


— 
. 2 —1 —2 N—3 \_0 n_ 
the ſame Cor.) — IN, ob ee 30 5 


— — 2 (p+1) will be the Value. Q. E. I. 

Note, By help of this Theorem, and the Method of Proceed- 
ing in the foregoing Problem, the Probability, or Odds of 
Winning the Game, may be determined in any Caſe 
whatever, where the Rato of a to b, or the Proportion of 
Skill, can be aſcertained. | 


PROBLEM XII. 


and B playing together with ſingle Bowls, Gotts, or 
Pieces, Gc. the former finds by Experience that he can 
upon an Equality of Chance, undertake to win (n) Times, 
before his Antagoniſt once : What is the Proportion of Skill of 
the 2 Gameſters, or their Chances of winning at any affigh- 


ed Mal. ; 
=—_— S O- 


29 


30 
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SOLUTION. 
Luer the required Ratio be that of à to b, or, which is to 


the ſame Effect, let —— Fc Abe the nere of A's winning at 


the firſt Tryal; then by Cor. to Prop. I. = will be the 


Probability of his winning all the 2 firſt Times or Tryals 
which . by the Queſtion muſt inde; 3 whence 24"=4a +8" 


2 21 1; thereſore, as 1: FP LE 6. Q. E. I. 


PROBLEM XIII. 


A and B, whoſe Proportion of Skill, or Chances for winning 
any aſſigned Game, are as (a) to (b), play together, the 
former wants (y) Games of the whole Set, and the latter 2 
What are their reſpettive Probabilities of winning » 


SOLUTI O N. 
-- SUPPOSE the Play to be continued aſter the Set is out, 


till ſuch time as p+q—1, Games are expired; and a Spec- 


tator E to wager with F that A beats his Adverſary p of 


theſe Games. Then, {by Prob. V.) it is manifeſt the Pro- 


. of E's 3 will be 


—1 *—2,2 — 

a +na © bh mx——a . mx — Rc. Phd 

— —— — — hut this 
ai 


is the Probability that A wins the Set; becauſe if he gets þ of 
thoſe p+q—1 Games he muſt loſe fewer than 4 of them, and 


therefore get p beſore he loſes ; and becauſe it is evident 


that whatever the Chance of E may be in reſpect of Win- 


ning and loling, that of A muſt be the ſame, and vice 
© verſa 


Laws of CHANCE. 
verſa, And therefore, for the ſame mne the —— 
* ＋ 2 abm— . 


| pu * . 
that wins the Set muſt be —— 


And | | | 
n xc. V2 


LATIN - f 
i 
EXAMPLE. 


 Svupross Al to want 5 of being up, B z, and the Skill 


of the 2 Gameſters to be equal: Then will p=5, q=3, a=1, 


b=1 „n=, and 2 1 — 35 (=) and 2 +I 
2 
(Sh, be the Probabilities of winning; therefore the Odds 


that B beats A are as 99 to 29. 


PROBLEM XIV. 
| N Given Number of Gameſters, A, B and C, Sc. whoſe. 
Chances for winning any aſſigned Game are in the given 
Ratio of a, b, c, Wc. play together; A wants p Games 
of the whole Set, B, q, and C, r, Sc. What are their ſeve-. 
ral Probabilities of uinuing e 


SOLUTION. 


. a+b+c, &c. to the Power whoſe Index is equal 
to the leaſt of the given Numbers p, 4, 7, or, if there be no 


leaſt, to one of the leaſt equal ones, as p; and from that 
Power take out the Term wherein the Exponent of the 
Correſpondent Quantity à is equal top; and if there be any 


Terms wherein the Indices of & and c, &c. are equal to , 1, 


&c. take thoſe Terms alſo, and having divided each of the 


Terms ſo taken by a e, &c. or V, which is ſuppoſed 


201 to it, place the ſeyeral Quotients each in different 
g Columns, 73 


JT 


0 


32 
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Columns, mark d (for Diſtinction ſake) A, B and C fo that 
the ſaid Power of a may be in the Column 4, that of 6 (if 
any) in the Column B, &c. And then, having proceeded 
thus far, multiply the remaining Terms of the ſaid Power by 
a+b+c, &c. and from the Product ſelect all the Terms 
where the Indices of the Powers of a, b, c, &c. are reſpec- 
tively equal top, 9, r, &c. And having divided each by Wm, 
place them, according tothe foregoing Method, in the Columns 
A, B, C, &c. Let the laſt Remainder be multiplied in like 
manner by ac, &c. and ſelect, again, out of this Pro- 
duct the Terms wherein the Exponents of a, b, c, &c. are 

ſpectively equal to p, 4, r, &c. and having divided each by 


re 
57, let the Quotients be diſpoſed of as before. And pro- 


ceed on in this ſame Manner, repeating the Operation till all 
the Terms are exhauſted; then the Quantities that are, at 


laſt, found in the Columns A, B, C, &c. will be, reſpeQiye- 


ly, the required Probabilities of winning. 


EXAMPLE. 


SupPpost the Number of Players to be 3, as A, B and 
and they to want 1, 2, and 3 reſpectively. 

Having firſt raiſed a+4+c to the 1 (p) Power, and pre- 
pared 3 Columns A, B, Re, XY 
CG, I take a (=#) from 49 4 ac + 2abc+acc + zabc* 
the ſaid Power, divide it h hb 5 bt. 
by þ (Sac!) and | bb , 2bbc , 3bbce 


place the Quotient 7 in 1 TT _— 
the Column 4 ; then ; 34. 
b as 5 ＋ 


multiply the Remainder 
b+c by a+6+c, and 


Laws of CHANCE. 


from the Product ab Ae ‘Aae cc, take the Terms 
ab ac, bb, divide each by hb, and place the 2 Quotients 


52 1 in the Columns A and 3B; multiply the laſt Re- 


* * 2bc+cc,, by a+6b+c; from the Product 2abc+acc4- 
2bbc+ 3bcc+O ſelect 2abe+ acc, abb, and c, divide each of 
them by h, and diſpoſe of the Quotients as before ; laſtly, 
I multiply the new Remainder 3bcc by a+b+c, divide each 
of the 3 Terms in the Product by &, and place the Quo- 


tients in the Columns A, B, and C as ne and then find the 
rotal Values intheſe 3 Columnsto be * — 


bb 2bbc Ve be | 
9 155 1 N 7 an 64% L. ; theſe are reſpectiyely 


equal to the Probabilities n, which when a, & and e 
are equal, will therefore become 2, 5, and 3. 


Note, The above Method of Solution is only a compounded 


Caſe of Cor. to Prob. I. and therefore to ſuch as underſtand 


that well, the Reaſons of this will not be difficult. 


PROBLEM XV. 


TH HERE being (a) Chances for the Happening of an Event, 
and (b) Chances for the Contrary at any affigned Tryat; 
In how many Tryals may one undertake that the ys Event 


foall happen (r) times? 
8SO0OLUTIO my! 
Ler # be the _ ſought ; then | 
A 4 2 e a (7) 


— — being 
_— 92 
L 25 the 
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2 255 — „—o—ͤ— 


— — — - vw 


[ 


2 — —— - — — — 
— — — — —— — — C4 — 


34 
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the Probability that Event ſnhall not happen #Ff times in ꝝ 
Tryals ( Probe V. , muſt chotefore by the Queſtion 
boi = ; | whence „ 0b a-bmxn nb „ ee 
pt in — 3 vio as pb for a we hays 
I +1þ ＋ e 
by the common Methode of converging or ab Seri the 
Vale: of m in any Caſe be determin'd. . 


a=b, o orf=r 3 Ay SE, * 5 © 


the firſt half of the Terms of the Binomial 1'+p]* expanded 
in a Serles is equal to the reſt of the Terms, or half the whole 
Power, the whole Number of Terms maſt be = ar, and 
therefore ꝝ the Index of the Power =2r==1; — is the 
anten Value in this Caſe. 


Let * be very mall; then det in this Caſe 7 ad 


be very great, the Numbers 1, 2, 3, &c. in the Factors v1, ; 
1— 2, #—3, &c. may be rejected as inconſiderable in reſpect 


— n, which done, the Equation becomes I 1 {pa Lr 47. 2 


2222 5 P (= 2 ;from whence 


" 1 


= . „Ar, N 2 abhruting * inflead or 
YU 
pn, we get 1＋ 444 eee (7 ) IF 


2 


— 
e : or, by bringing © the ſeycral Powers of [I into 
ſimple 2 1 willbe © | SER Wt: 


122 — — Ä— 
" l * ».4 FEI ew rs 4 oy * 
a — — ww ad a, a> 
0 os 2 
1 * "0 - - 


Laws of” CHANGE. 


9 20K * T; 


2 | | | [Ls - £26 BY 
„in 1 78 tO: — c 
ene eee, 


12 * 


| 12 in eee | OO ons 


_—— 
Ss *% 
hn 


Put nn 99 + G5 f=1 HEEL e 
2 25 (— 2), "4 and 7— yperd. 1e 2 e; then it 


yay 
g iu. * 6 T7 : 2 
become eſe FLA 2:3; an ine 


— De. 


cc 3e 


or in Logazithms, 5 


rte in . &c. re very nearly, becauſe p is 


ſuppoſed very ſmall; wherefore by AA e 
Nb may Bot ws 

A pong v &. e whence by puting theſe 

known Coefficients of ye! Powers of o, equal to 1, B, C, 

&c. reſpectively, and ex 2 


256 — (CN 5 57 2* &c. and therefore Pn 
(Sr) = HAD &c. or, becauſe the 
Series converges very ſwift, Pur nearly; wherefore 


* &c. is the required Value in this Caſe. 


Hence if 7=1, then will e=1, F, Kc. bb. Log. 2 
6903 14 


— 7 
E, We have v =- B ＋ 


693 14, $=—.30686, pn =. 693 14, and 122 
; Ir 


0 7715 ee 4 = %n b, Ba, 


35 


36 


obtained, it being always =>7"5+7—b, very nearly. QUE. 
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If r=2; thene=3, f=1, g=, Ke, = p. Log, 6 
=1.7917, S=—.31236, and pn 1.6784; but r +2, the 2 
firſt Terms of the Series, is =1.6 875, and therefore greater 
than the Truth only by .o092. 

Laſtly, if 7 be taken equal to, 


3 » 45 5 „ C ,:7 , $:,:9androfuaceef. 
then will | 2.6743 | 3-6720 | 46709. | 5.6702 | 6:6698"| 7.6695 | 8.6693 | 9.6692 | be the 
Value of pn reſpectively; from whence it appears that (1) 


the required Value, in all Caſes where p is very ſmall, will be 


oy nearly, or PM=r—2, Now from this, and the fore- 
going Concluſion, where p was ſuppoſed i, and pn found 
ir- r, the following Theorem is deduced; by help of 
which, the true Value of » in any intermediate Caſe may be 


E X AMP L E I. 
In how many Throws with 3 common Dice may one un- 


dertake to throw the 3 Aces. 


The Number of Chances for Failing at any Tryal being 


215, and for happening only one,; will therefore be 


=215andixr—.3+r—Z;=150 the Number that was to be 


found. 


3 EXAMPLE II. 
In a Lottery conſiſting of a great Number of Tickets, 


where the Blanks are to the Prizes as. 50 to 1; Tofind how 


many a Perſon ought to take to expect 5 Prizes ? 
Here 50x5—.3+5—,7 =231, is the Anſwer. 


EX 


Laws of CHANCE. 


EXAMPLE II. 


sor rosk a 1 like the ſoregoing, where the Blanks 
are to the Prizes, as 3 to 1; To find how many muſt be 


taken to expect d Prizes? 
| Here being 8, and 3, . — FS +r—, 7 becomes 30.43 
therefore 30 or 3 I is the Anſwer. 


EXAMPLE IV. 


I how many Throws, with a ſingle Die, may a Perſon 
undertake to throw either the Ac AY or Duce? 


Here / being t, *=2, *xr—.3+r—.7 will be 1.7, differ- 


ing from the true Value 1.709 fund from the Theorem in 
Prob. N by. oog only. 


PROBLEM XVI. | 
Hire, ng a given Number (u) of Letters a, b, c, d, e, f, G 
or Things repreſented by them, to be placed ; in Order, and 
that a Perſon draws them one by one, as it happens, and 
lays them down in the Order they are taken; To find the 
Probability that any (p) aſſigned Letters ſhall have the very 


ſame Places in the ſecond as in the firſt Order, and (m) other 


aſſigned ones, at the ſame time, all different Places from 
what they have in that Order. 


'$OLUTION. 


Tas | Probability that & happens not in the ſecond Place 
of the ſecond Order, and that, that a happens in the firſt 
Place, and 6 out of the ſecond Place of this Order, are 1— 


1 2 ) recpecixely HY Prob. L.) And 


1. | | | there- 
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therefore if the laſt of theſe be ſubſtracted from the former, 


or, the Probability that & ſhall not come into the ſecond 
Place, without any Reftriftion of "ou a _— or out 


of the firſt Place, the Remainder 17 A8 


feſt, will be the Probability that * 'h ſhall come in the 
ſecond Place, nor à in the firſt; fince 4 muſt neceſſarily be 
either in the firſt Place or out of it; and the ſame is, alſo, 
the Probability that any other 2 aſſigned Letters ſhall hap- 
pen in different Places ſrom what they poſſeſs in the firſt 
Order. Wheretars if a ſhould be the firſt taken, of which 
the Probability is „ then becauſe there would remain only 
u—1 Letters, the Probability of h and c both happening out 
of their Places (by ſubſtituting #—1 for , &c. in the ſaid 
Expreſſion) would, it is manifeſt, be expreſſed by 1— 


I 


| I 
+ — therefore this drawn into - is * 


=» it is mani- 


. - equal to the Probability that 2 ſhall 


AMT 75 19 2 
fall in, and & and c out of their Places; which being ſub- 


2 I 
trated, in like manner, from r the Probabi- 


lity of b and c both falling out of * Places, without far- 
ther Reſtriction, leaves 1—5 2 i 


n me- I - IK — 2 
the Probability that &, c and a, or any other 3 aſſigned 
Letters ſhall all happen out of their Places. And therefore 
if a ſhould firſt happen to be taken, as there would then be 
only #—1 Letters leſt, the Probability that 6, c and / would 


all happen out of their Places is —— ——— 


BB — 1X — 2 


for 


11.2.3 : this, therefore, multiplied by ;, the Proba- 
: bility 


Laws of CHANCE. 


bility of taking à firſt, will be the Probability that à ſhall 
happen in its Place, and &, c and d all out of theit Places 
whence by ſubſtracting, as above, the Probability of a, &, c 


and 4, or any other 4 aſſigned Letters, falling all out of 


their Places appears to be 1 1 — + 


un IXZ— 2 


7 _ won rat 

: And from hence the Manner of the 
IX 1 2X03. 

Proceſs, and Law of Continuation are manifeſt ; the Numera- 


tors being the Unciz of the Power of a Binomial whoſe Ex- 
ponent is equal to the Number of Letters excluded their 
Places; and the Denominators 1, 7, - 1, uu In 2, 


&c. Aud therefore the Probability that all the m aſſigned 
M—I 
2 


2 
AXI}— I 


ones ſhall happen out of their Places is ts 


l % , 2, {93 | 
LN e e 2 (ui): But the 
3 


un — ix 2 uu. I 2K 


Probability of any p aſſigned Letters, as a, 6, c, XC. fallingin in 
their Places is 8 : (by Prob. II.); and if 


* 1x#— 2 () 


theſe Letters ſhould be firſt ſo taken, the Probabi- 


lity then of m other 3 ones falling all out 


9 


N 


of their Places, will be 1 — 555 


men = 
2 
r 3 2 > C I), 5 above, (u the N Wen 


of Letters here becoming #u—P) : RA * — = (7) 
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Net 8 11. 155 m—1 WA 2 —1 22 

„ O 2:5 "y hs 8 4 a 1 £2: 85 At Gil 
in. e 5 Ku- —LXM—p— 2 
(m+1) muſt conſequently be the Value. Q. E. I. 


COROLLARY £74 £52621 113113 


Fo u—þ be m, or, the p aſſigned Letters be propoſed 
to be taken in, and all the reſt out of, their 2 the 


1 


Probability becomes 7 1 = (7) In I 1 homage 


2 (m+ I); which, when ” is alarge N umber, p equal to 


| o. 367 878 1% bak 8 
ae 77 7 very nearly. 9 
COROLLARY I 22110 


Ir a given Number p be to be taken in their Places, and 
the reſt out of their Places, without farther Reſtriction, then 
the Probability of taking any p aſſi K ones in their Places, 


(2) 1 in 1—1 — — 


j 


LW, (6+ 1); it is manifeſt, that as many different 
Ways as "4 Things can be aſſigned, or taken in » Things, 


—1 —4 
which 1 18 IK 


and the reſt otherwile, being 1 


(P), o many times ought the ſaid 


Quantity be repeated to give the Probability in this Caſe ; , 


I 
which therefore will be - 2.3.4 (7) - = 4 43255 
0.367878 
(m+ 1); or, when m is E 1 nearly. 


n 


Hence if h be put . 367878, and p be taken = o, 1, 
2 


7 


Laws of CHANCE. 
2, 3, &c. ſucceſſively, the ſaid Probability, will, it is evident, 
become , H, 2 Oh 6.0 | As Kc. reſpeQiyely equal to the Pro- 


2.3" 2.3.4 
bability of. raking preciſely ©, OE &c. Letters according 


to their Places; wherefore if if Uf ( 72 be ſubſtracted from 


Unity the Remaiader 1 ber +1 +: * 1 (p) w willbe 


the Probability, very nearly” that p, or : — N umber of 
| 3 fal actorging to their Places i in the firſt Order. 


1 


E X AN PL E I. ob et 


Lr it be required to find how many Cade can be rung 
on 5 Bells, without any one ſtri king in its own proper Place. 
Here becauſe p is =0, n=5, and M= 5, the Probability 


I 
2 "ned Be NEG (m+1), (as in Gor. 1) 


will become I++ ——— . A,; and habe 
2:3 234 2+3-4-5 120) 
fore as all the Changes on 5 Bells are 1 1225 the W r Wo 


ber will be 44 


E X AMP . 

A Perſon holding 2 Packs of Cards, draws one out of one 
Pack, and another out of the other, and puts them together, 
and does the like by 2 others, &c. repeating the Operation 
till all the Cards are exhauſted ; What is the Odds that the 
Cards in one or more of thoſe Cou ples ſhall be found the ſame ? 

In this Caſe, the Number (52) of Things being large, 
0.367878 will, either by Cor. I. or III. be the Probability 
that the Cards in no one Couple ſhall be the ſame: Therefore 


as 0.632122 is to 0.367878, 10 is the required Odds that 


the Cards in one or more of the x Couples {hall be the ſame. 
L PRO . 


4¹ 
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PROBLEM. XVII. | 
Holes a given Number (r) of each of ſeveral Sorts of 
Things, as aaa, bbb, cee, ddd, eee, fff, Ge. to be put to- 
gether in Order, and pfierwatd; drawn one by one at a Ven- 
ture, and laid dawn in the Order they are talen; To find the 
Probability that any (p) aſſigned Sorts ſhall happen to have 
the ſame Places in the ſecond as in the firſt Order, and (m) 
other aſſigned Sorts, at the ſame time, _—_ Places from 
what they have in that Order. 


SOLUTION. 


Tris Problem is ſolved by the ſame Method of Reaſoning 
as the foregoing; for if # be put = the total Number of 
Things of all Sorts, and W 5 0 =5, it is evident, 


by 1 
from Prob. III. that mu TY will be the Probabili- 


ty that all the 2's are taken firſt ; and therefore that of the 
contrary, or the Probability that all the Things of any aſ- 
ſigned Sort ſhall not happen as they are in the firſt Order, 


4. E . 9 
muſt be 1— 23 Therefore if the 4's ſhould be all 


taken firſt, as there would be then only a- Things left, tlie 
Probability that the Y would not, all, come out next, or fall 


2 8 . EC 
in their Places, muſt, it is evident, be 1— N 
u- (7)? 


wherefore this multiplied by ——— 775 > 8 expreſs'd above, 


TS th 
gives TO ATT) for the Probability that the 
V firſt taken ſhall be 1 not all s; and 
this ſubſtracted from r G the Probability that the 

N Shah 9 bs 


Laws of CHANCE. 
Ps {hall not all be taken, without any Reſtriction whether the 
as be, or benot firſttaken, leavesi— 1 — 


TT 1 
= the Probability that neither the 4 nor J ſhall come out 
according to theit Places; whence, by repeating the Opera- 
tion in the ſame Manner as in the laſt Problem, the required 


Probability will warn — MEI 71, 


* IX A—2 S 
—1 


NN SS 


12 2 N 
2... Open)? 
Where, if 7 be taken =, f will be =1, and the Kant 
the fame as the aforegoing. | 


PROBLEM XVII. 


THREE Perſons A, B, and C throw in their Tits 
Solid having ( f regular Faces, and he | who firſt hap- 
pens to bring up an a ned Face is thereon to be intitled to a 
certain Benefit ; Required the ſeveral een 1 e 98 
taining it. 
SOLUTION: 


LEX the Value of the Benefit or Thing expected be de- 
noted by Unity: Then ſince (by Cor. to Prob. I.) the Proba- 
bility that the aſſigned Face ſhall fail »—1 Throws ſucceſfiye- 


omen | I 


Iy, and come up the next aſter, 2 7 this Quantity, 


I 


it is maniſeſt, will alſo expreſs the Expectation on the T brow: 
whoſe Number, from the Beginning, is denoted by u: There- 
fore in order to find the total Expectation of A, as the rſt, 
4th and 7th, &c. 'Throws pertain to him, let » be expound- 
ed by 1, 4, 7, 11, Kc. ſucceſſiyely; then the aboye Expreſ- 

ſion 


uxu—1 (27) 


4.3 
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** 


fon will become © * 7 „ * N ca = 5 Kc. eee pe. ond the 


Sum of theſe wi be the firſt alue ſought. In like Manner, 
if A be expounded by " WR HY 4 &c. and 3, 6, / Kc. the total 
FARES or of rg of B and C will come - 


7 =D 1 7 &c. an 5 +: Dll - 
LALLY _ as theſe 3 uk are Ag 4 whoſe 
Terms are in geometrical . Me? may be very 

| xXf—T_ * 
ſummed, being equal 755 2 == Ff * — 
reſpectively; ; which are the N e that were required to 
be found. But the Solution in any Caſe may be more eaſily 
had by conſidering that the Expectations of A, B, C, &c. on 
their firſt Throws are to one another as their total Expectati- 
ons; r then by taking as many Terms of the Progreſſion 1, 


Los =, Ei in i} „Kc. as there are Players concerned, and 


dividing each of them by the whole Sum, the ſeveral Quo- 


tients will be reſpectively equal to the required Probabilities. 


PROBLEM XIX. 


TY O Gameſters, A and B, whoſe Chances for winning any 

aſhgned Game are in the given Ratio of (a) to (b), en- 
ter into — on this Condition; That A at the Beginning of 
every Game ſball ſet the Sum 00 to the Sum (F), and that 
the Play ſhall laſt as long as he continues to win without In- 
IT; . "Tis FE to find the Gain or Advantage 


fl” 


"  $OLUTI T0 N. 


- Sixce the Expectation of A on any Game, when it comes 
| to 


before that Game comes to be decided; that is, of 


Laws of CHANCE. 


to 155 play d is ix, of 0 his Stake be deducted there- 


from, the Remainder — will conſequently be his Gain: 


Therefore the Advantage or Gain on any Game, whoſe N um- 
ber from the Beginning is denoted by u, to be computed be- 
fore the Play begins, muſt be compounded of the ſaid Gain 


2. and the Probability that the Play will not be ended 
P af— — be 


ab? 
and — the Probability of his winning all the preced- 


ing #—1 Games: Wherefore if 45 * equal jo | Fg. 3 45 
4 
&c. — we ſhall have a 20 7 77 7 e 


= &c. for the Gain on the ift, 5 3d and 4th Games, 
Kc. ane we- : *, that 1 infinitely continued, 
: or =—— ab Us * 277 + Ep Kc. Ae, muſt 
be tte true Value. QE L 


WOT 
| and B, whoſe Chances for winning any ſmgle Gams are 
in Proportion as (a) to (H, the former having () and the 


latter (q), Stakes, are determined to play together till one of 


them has loſt all ; To find their reſpettrve Probabilities of 
winning, with the Gain or Advantage of A, Se 


Tr the Expectation of A, when he has any given Num- 
ber y of Stakes in Poſſeſſion, be expreſsd by Q,; and when. 
he has one Stake more, or y+1, ſuppoſe his Expectation to 


ts be incrzaſed by R, or to become Ak; and when he has 
M yet 


47 
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yet. one more, or 3 +2, let this laſt Expectation be increaſed 
by 8, Kc. Kc. 7 Now when he has y+1 Stakes, he muſt 
after one Game have either y or y+2 Stakes; if he wins that 
Game he muſt have 9 ＋2, and his ＋ 1 N will then be 


Re,, this therefore multiply d by 2 „the Probabili- 


” 7 W inning, gien — 2 7.— for his ExpeRation, in 


Caſe of winning, while the Event remains yet undetermined. 
If he loſes the Game, he will have only y Stakes, and his Ex- 


peclation will then be 2; this multiplyd by =; Þ the Pro- 


N of loſing, gives 210 for the Expectation, in Caſe of 


loſing: But it is maniſeſt, that . the Sum 


of thoſe two, muſt be equal to QR, his total Expeation 
in this Circumſtance ; whence by Reduction we haye S NR, 
or, R to S as à to 6; and hence it appears that the values 
of the aforeſaid hints” N, S, 7, V, &c. are ſuch, that 
any one of them is to that which immediately ſucceeds it, in 
the given Ratio of 4 to &; and therefore muſt conſtitute a 
Series of Terms in geometrical Progreſſion, of which the 


common Ratio is : Wherefore, let y be taken =o ; then 
Rb Re = 


will R+S+T (2), or its equal R+ ork | P), it is 


manifeſt, be the total Expectation of A in (4 3 Cir- 


cumſtance; and for the ſame Reaſon RA . +9 ) 


will be his Expectation, when he has p+q iBtakes | in Poſſeſſion; 


oy this by the Queſtion is =p +4; wherefore R equal 


] which fubſtitutcd inſtead thereof in 
1+2+Z+5(2+9 


he 


un he CHAN CE. 


the other Expreſſion gives » 2+ in. N þ* 
EY __—_ LT 


| -_ 3 * | 
= PN _ | - >= for the Expectation of A in the pro- 
0 A : . bs 2 | Ff 


poſed Circumſtance ; which ſubſtracted from p+ leaves 
7 q | 
Pb ee for that of 5; therefore the Gain of A 


: "50S | 
is fe x 75 = np and the Ratio of the Probab- 


lities of winning ot * —b to Pia! Vy \eſpetnely Q.E.I. 


COROLLARY I. 


Warn 4 is , then FLY... (?) will be 


=þR; and the Odds directly as the Stakes to loſe. 
| COROLLARY IT. 


| Is P, then will a'xa Ml 3 to Va '—b, become as 4 
to 95 for the Odds in this Caſe. 


COROLLARY III. 
Warn 6 is 8 ſmaller than a, and p and g large 
| Numbers and bi will be inconſiderable in reſpect of 4 
and a”; and therefore in that Caſe the Odds will be as 4 to 
| 7 or as 1 to nearly. 


EXAMPLE. 


dsc B to be throwing with 2 Dice, and every time 
that 
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that 2 Aces come up, A to give him 1 Guinea, and every 

time that an Ace and Duce, B to give A one, and that they 

agree to continue to play on in this Manner till one of them 

is a Winner of 100 Guineas; To find the ExpeQation of 

each, and the Ad vantage or Gain of A by this Agreement. 

| Becauſe there are 2 Chances for an Ace and Duce, and only 
1 for 2 Aces, à will here =2, and 6=1, and therefore the 

Odds (by Gor. II.) as 27, to 1“ or as 

I 267000000000000000000000000000, to 1 nearly ; ; whence 


the Expectation of A will be Kr and thatof B, 2888 
which is not - | — Nc. Farthing; 


1 000000000900000, &c. 
therefore the Gain of A is 100 Guineas leſſened by that ſmall 


Quantity. 


PROBLEM XXI. 


WO Gameſters, A and B, are at Play together, and the 

latter having loſt (y) Stakes, is determined not to give 
out, till he has won them again; To find the Probability that 
he never effefts his Deſire, ſuppoſing the Play to continue 
without Limitation ; his Number of Chances (b) for winning 
any aſſigned Game being leſs than (a) that for the contrary, 


'$OLUTION. 


175 appears by the laſt Problem that the Odds of A's wine 
ning 4 Stakes before he loſes p Stakes will be as a *xa Alto 


N. Therefore, becauſe B, if he ever wins his 7 Stakes 
again, muſt do it before he is a Loſer of an infinite Number 
of other Stakes, let in the above Proportion be ſuppoſed 


inbnite, then it will ſkew the Odds in this Caſe; but then 
: as 


Laws 7 CHANCE. 


As . wil bear no > Compariſon with a? { it will beas a „=, 
to Fi xa”, that is, 8 @ a , to 5 therefore the required Pro- 


18 20 ji! ** 


bablity a 1— 7. ** i 
BoA: 0 B LEM. XXII. 3 = 
7” aa the Chances that there are for n preciſely | 


any Number 0 Pomts (, with. any Number. of Dice 
0 each Die deny. a given Number (F) of Faces. 


$0LUTION. 
Frdsr, let there be a Set of Dice, having ch b, or a 


greater Number of Faces; then the Chances for p, and all its 
inferior Numbers, on ſuch Dice, will be equal to the Chances 
for throwing +1 Points preciſely with +1 of the fame 
Dice; ſince it is evident that with all the Chances for p on 
the u firſt Dice, the Ace of the new added Die may be com- 
bined, and witli all the Chances for p—1 the Duce of the 
fame, &c. And therefore if, in the annexed Scheme, 1, 2, 
3, or 4, &c. be put to denote the Number of Dice, and p— 2. 
2-1, 5, or p+1, &c. the Number of Points, and the Quan- 
tities in the Interſe&ion of the Columns be the Chances for 


throwing the ſaid Points with thoſe Dice; that i is, if for 


throwing p—1 Points with 3 Dice the Chances be C for ? 
Points with 4 Dice, D, &c. &c. 


4 


It 1s manifeſt „ that 4 B will = 2 = | — LE £- _ . * 
4. U 4 &c. D=C+ III 
CC, Kc. N &c. and IEEE 
therefore D—=D=G and con- | 7} ; | ; TE I 


ſequently, for the ſame Reaſon, _ 


N 28 a 
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E E=. F—F=£, &c. &c. Wherefore it appears that the 
Values of B, G &c. are ſuch, that increaſing p by Unity they 


will be augmented by 1, A, B, &c. Whence by the Method 
of Increments thoſe Values are eaſily had equal to p—1, 


— , , &cc. reſpectively. There- 
br, it is s manifeſt, that the Number of Chances for throw- 
ing p Points preciſely with ſuch Dice will be _ 


— * (#—1). But now in order to find the required 


Value from, hence, let the Chances expreſs'd by this Series be 
called &, and any one aſſigned Die A. another B, a third C, 
&c. and ſuppoſe the Points on each Face where the Number 
is greater than f to be red, and the reſt black ones; and, for 
the Sake of Perſpicuity, let the red or black Faces of any 
Die be called the red or black Part of that Die: This being 
premiſed, it is evident that the Chances for p Points preciſely 
with » of theſe Dice, ſo as to have the red Part of the Die 
A, always upwards, will be exactly equal to the Chances on 
the ſame Dice for p—f, without any Reſtriction. For let the 
Points on each red Face of that Die be conceived to be di- 
miniſhed by f, then as one or other of the Faces ſo diminiſh- 
ed is, in this Cafe, always upwards, the Number of Chances 
for p before ſuch Diminution will conſequently be equal to 
the Chances for p—f after it, that is, if p—f be put , 
equal to — * Cn : 2 (i) by what has juſt now been 
S And from the ſame way of Reaſoning it is 


plain that the Number of Chances for p Points, ſo as to 
have the red Parts both of A and B always upwards, is 


—— (4—1): And for throwing the ſame Points, 
ſo 


Laws of CHANCE. 


boa tv have the ed Parts of | 4, B, and C upwards, 


| e (#—1) &e. &e. r, 5, t, &c. being equal to 


P—2f, Þ—3f, $—af, Kc. reſpeQively. Now let theſe Quan- 
ties (15 (6-1), — 8 Ay, xc 


de teſpecliycly A etes by G, H J, K. &c. And let the 
Chances in ò, where the red Part of Aisup alone without other 
red ones, be called g; thoſe, where the red Parts of A and 
Bare up together without others of the ſame Colour, h; thoſe, 
where the red Parts of A, B, and C are all up together witk- 
out other red ones, i, &c. &c. Then, it is evident, that g is 
alſo the Number of Chances for having the red Part of B 
alone, or of C alone, &c. and therefore all the Chances in & 
for having one red Face preciſely will be »g: Alſo as h is the 
Chances wherein either A C, A D, BC, or CD, Re. 
are red, and the reſt black; and becauſe theſe, the Combina- 
tions of » Things taken 2 by 2, are in Number Eur, 
the Chances 4 S, OM 2 red Paces preciſely, in each, will 
therefore be 1 hb; h; and farthermore, ſince the N umber 
of Combinations of 2 Things taken - by 3, 4 by 4, &c. is 


H—1 2—2 —1 d. . 1— 
** 5 : „ and ux 2 „&c. it follows that 


2 


1 
the Sum of all the r in 5, wha one or n red Faces, 


in each, will be 18 E — : 2 &c. which 


ſubſtracted 25 2 S, the whole Number of Chances, leaves 


1—1 H—2. 1 22 
33 1-1 me ee 4, 


S- - 
&c. for the N umber of Chances with black Points alone 


which is manifeſtly equal to the Number ſought. But now 


to get rid of g, h, &c. let Q be the Chances i in & _ 
e 


SI 


* 
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made with the red Parts of any Number 4 of aſſigned Dice, 
as A, B, C &c. without other Parts of- che ſame Colonr; or, 
which i is the ſame, let 2 denote any.one of the faid Quanti- 
ties g, h, &c. and let 5 denote the Chances in S having in 
each of them, alſo, preciſcly 4 red Parts, but only 2 given 
Number c of them aſſigned ones, the other ac being varied as 
often as poſſible; then as the Number of Dice or Partsto be thus 
. or combined, is #—c,, the Number of ſuch Combina- 


be Te 8 —— 920 (a=6), Prab. III. 


And lei the Number of Chances in the latter of theſe 
-c 1—c—1 U—C—2 


2 Caſes, Juſt —x 


* 72 2(a—t) times as great as 


2 
that in the former, or, HP in. —— 094 ome l 


(ac). Now taking , and 4 equal to 1 7 3, 8 FA 
ſacceſlively, 2, becomes g, h, i, &, &c. and P equal to g, 


— 5 a. t, n0 ens = 45 &c. reſpeAtively ; 
I I 2 Fe- 7's N 
therefore as theſe Quantities reſpectively ſhew the Chances 
in & having the red Part of A alone, or with 1 other, or 2 
others, &. preciſely, their Sum muſt conſequently be equal 
to G, all the Chances in & with the red Part of A; and theres 


fore 22 , &e. In like Manner by 


taking c=2, and 4 =, 3, 4, KC. F RC. * have 


52H — — 2 k, Kc. Sun fue I ris 7 n N. 


Ts , &c. Whence by ſubſtituting theſe Values one e by one in 


£ 


cont b—mn— — 7, &c. as above „ we 


Nr 2 
* 


5 - 


4 


have $—1G+1x— an H- 2 


Laws of CHANCE, 


yon —= K, Ke. where by reſuming the known Values of $ G, 


7 
H &c. there will be 1 4 | 1 
EE (#—1) 


TEAS (pes) in 


77— 
N e A 19 — 


&c. where 4 is =p—f, r=p—2f, s=p—3f, &c. 
and the Number of Series to be continued till ſome one Face 


tor becomes Nothing or Negative. Q. E I. 


COROLLARY. 
Hence the Chances for not coming up a greater Number 
of Points than p at any affigned Throw is very readily 
determined, being equal to 


awe, W eK. 
2. N 2 ( 
= ) inn 
—— (#) i Beet 
eee n 
&c. | &c. 
EXAMPLE I. 
LEr it be required to ſind the Odds that a Perſon at the 
firſt Throw with 2 common Dice does not throw juſt 8 Points; 
then F being , p=8, and #=2, the general Expreſſion be- 


comes '=7—2=5= the Number of Chances for 8 Points, 
O which 


mY 


— — —— —— v 2: eo gr K- ith. aa 


The Narvzz and 
which therefore taken from 6*, the whole Number of all the 


Chances, leaves 31 Chances for the ag + ; whence the re- 


quired Odds is as 31 to 5. 


Note, When the Points propoſed to be thrown, according to 
the Problem, is nearer to the greateſt Number that can be 
had, than the leaſt, it will be convenient to uſe inſtead 
thereof that Number, as far diſtant from the leſſer Ex- 
treme, as it is fromthe greater, the Chances for both being 
manifeſily the ſame. 

_EXAMPLE. II. 


How many Chances are there to have 50 Points, preciſely, 
on 10 Dice? Here 20 being as much greater than one Ex- 
treme (10) as 50 is exceeded by the other (60), we ſhall have 
pi, #=10, f=6, 'q=14, r=8, $=2; and therefore 
PREXTXEXEXEX EXPXES KEE x Ex? Xx XxX =85228, 


the Number that was to be found. 


EXAMPLE III. 


WHAT is the Odds that at the firſt Throw with 10 Dice 
there ſhall come up more than 15 Points? Here taking #=10, 
f=6, p=15, and ſubſtituting theſe Values in the ſecond ge- 
neral Expreſſion, we ſhall have 3003 for the Number of 
Chances by which 15 Points and all its inferior Numbers may 
happen; this taken from 60466176=61" the whole Number 
of Chances leaves 60463 173; therefore as 60463 173 to 3003, 
ſo are the Odds. 


Laws ef CHANCE. 
A Tazrz exhibiting the Chances by which any Number of 
Points may be preciſely had with 10 common Dice. 


T_ Paints, _ |Chances) _ Points. |" Chances. _ | _ Points. | Chances | Points 1 Chances | © 
10. 66 1117. 53] 1134024 « 46] 576565131 . 3903393610 
11. 59] 10118. 52] 2376025 . 45] 83120432. 3803801535 


12. 58] 55019. 51] 46420126 . 441151370033. 3714121260 
13 . 57] 220120 . 50] 85228127 « 43]1535040[34 . 36 4325310 
14. 56] 718021. 49]147940[28 . 42[1972630[35 . 3804395456 
115+ 55 2002 22. 481243925129 . 4112446300 Total of all the Chances 
16 . 5414995123 + 471383470130 - 4012930455| being ©**=60466176, 


PROBLEM XXIIL 


'J HERE # is a Solid having (m) ſimilar and equal Faces, 

whereof (p are marked A; (4) of them, B; r, C &c. 
What is the Probability that in throwing up a gives Number 
(n) of ſuch Solids there ſball ariſe a given Number 2 of af 
ſrened Sorts of Faces, as A, B, C c. 


sf L UTI 0 N. 
Taz Probability that no A ſhall come up being — 
mm 


(by Prob. I) that of the contrary muſt be = = ; and 


therefore as the whole Number of Chances is m., that for 
having one or more A upwards will conſequently be m— 
n; that is, there arew"—m—f|" different Ways by which 
the Faces of the Solids may be varied to have one A or more 
up at each Variation. Therefore if all the Faces marked B be 
now reftrained ſrom coming up, then there being only mw—g 
Faces that can ariſe, the laſt Expreſſion will ill (by ſubſtituting 
mM=q inftead of m), it is evident, become m—qi m--, 


equal to all the Variations that can poſſibly be made to have 
A 


The NATURE and 
.4 up, when £ is reſtrained from appearing ; which thereſore 


being ſubſtracted from m- , the Probability of ring 
A ap, e without any Reſtriction upon B, leayes 


nt — 28 un == for the Number of Chances to 


have both A and B upwards; fince it is ſelf evident that in 
all the ſaid Variations for A, either B muſt, or muſt not, be 
upwards. In like Manner, if the C's be all reſtrained from 
coming upwards, n, the Number of Faces in each Solid, may 
conceived to be reduced to m—r, and then the laſt Expreſſ- 


= ater, for the 


ſion will become m—7"— —_ 
Number of Variations that can be made with A and B up, 
when C is reſtrained from appearing ; Wherefore this taken 


from . as found above, muſt leave 


m—þp\"| |m—p=4l" 
r, for the Num- 
n - 


ber of different Ways by which A, B and C may be all up- 
wards. By the ſame Method of Reaſoning the Chances for 
having A, B, C and D all upwards will be found 
DD 
77 | == pg 
M— 5 Im——J—s | 

2 — + — 2 = HT 
m—A'] m—q—" | in mn | 
Im—r—5 || 
Whence the Law of Continuation is manifeſt. Wherefore 
dividing the Quantity thus reſulting by , the whole Num- 
ber-of Chances, the Quotient, i it is maniſeſt, will be the Pro- 


— * 


C O R- 


Laws of CHANCE. 


COROLLARY. IL. OR 


WHEREFORE, when , 4, 7, &c. are equal to one another, 
the Number of Chances in the laſt Caſe will, it is eyident, 
become m"—gxm—fl* +6xm— 2)" — 4% m— N-; 
where the Unciæ are thoſe of a Binomial raiſed to the Power 
whoſe Index is equal to the Number of Sorts A, B, G, D, 


Whoſe Chances for happening, all, u pwards are exhibited by 


that Expreſſion; and the like appears in any other Caſe, 
Therefore when p, , 5 &c. are as above Ne bees] 


m. h- 175 — e 
ee enen 
&c. muſt conſequently be the Value propoſed to 566 — 5 


COROLLARY II. 


Becavss when #2 is a large, and p a ſmall Number, the 
Quantities . mph, n p, &c. are nearly in a geome- 
trical Progreſſion, or equal to 9", , 1 „&c. re- 
. the above — in this of will be nearly 
bn + bx 75 . &c. 


7 
equal to — — = 1—hx 


e -= 4 N =, &c. or, that 
Power of the Binowial I whoſe Index is 4, that is = | 
Ln Jody ; and therefore if the required Probability be de- 
noted by P, in this Caſe P will =1—1—AP' very neatly : 


| PE 
W hence 221-12 i- 1d Tag a - 
& 1s 


P | 23 = 
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Log. 1=; 


"The NATURE and 
=—2 in hyp. Log. 17 nearly; by which, if P be given, 
2 Ley be obtained. | 
EXAMPLE I. 


Ox with 2 common Dice undertakes to throw both the 
Numbers 5 and 7 at 3 Tryals; What are the Odds againſt 


him? Here if we ſuppoſe a Die, or Solid, having 36 Faces, 


whereof 4 are marked A, and 6 ; it is manifeſt that the 
Probability of throwing both A and & in 3 Throws with that 
Solid, is the ſame as that of throwing both the Numbers 5 
and 7 at 3 'Tryals with 2 common Dice: Wherefore, according 
to — Theorem we have n= 36, P =, q=6, n=3, and 
* ; 

224 Shot 6—15*+13* 


=; whencet 
I= ce he 


Odds is as 4 to 31. 


EXAMPLE II. 


Lax it be required to find the Probability that a Perſon 


in throwing 6 common Dice ſhall bring up the Ace, Duce 
and Tray. 
In this Caſe, » is =6, þ=3, m=6, pi, q=1, &c. 


Therefore (by Gor. I) S — SS = 8 


Value ſought. | . 
EXAMPLE UL 

To find in how many Throws with a fingle Die one may 
undertake to throw all the 6 Faces. 

Buy comparing this Caſe with Cor. II. we have #=1, uns, 
5 6, Ber! , and 8 7 ö the required N umber equal 


* 
i. | PROB. 


Laws of CHANCE. 


PROBLEM XXIV. 


find the Probability that a propoſed Event ſball happen 
a given Number of Times () without Intermiſſion in a 


given Number (u) of Tryals. 
8.0 LUT ION. 


Leerer be the Probability of Happening of the propoſed 


Event at any aſſigned Tryal, and n that of the contrary ; and 
upon the Happening of the ſaid Event p Times ſucceſſively, 
let a Perſon, B, receive a certain Sum $5: Then will the Pro- 
bability of receiving that Sum at the End of an aſſigned 


Number of Tryals be compounded of 3 others; as, firſt, The 


Probability of Happening of the propoſed Event ↄ Times in 


ſo many Tryals : Second, That of its Failing the Time im: 


me diately preceding thoſe Tryals: And, laſtly, That of his 
not having received it before that Time. For if the firſt ſuc- 
ceed not, the Thing is manifeſtly impoſſible; if the ſecond 
prove contrary, he muſt either not receive it at all, or at the 
End of ſome of the preceding Tryals; and, laſtly, when he 
has once received it, there can be no farther W of 
obtaining it from any future Tryal. 

Therefore, as the Probability of the propoſed Event's 


failing any one affigned Tryal, and then happening p 


Times without Intermiſſion, is mxr*, (by Prob. I.), if r* be 


put a, and mx/*=x, we ſhall have x equal to the Proba- 
bility of his receiving the ſaid Sum at the End of p+1, Pa, 


P+3 ++... or p Tryals, becauſe, it is maniteſt, . the 


laſt of the aforenamed Probabilities does not take Place till 


aſter the 2p firſt Tryals: But the Manner how each Value 


is deriyed from the. preceding ones, and the Relation they 
bear 
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ing Scheme; 


The NATURE and 


bear to one another, will appear better by help of the follow- 
wherein the ſecond Column towards the leſt 
Hand ſhews the Probability of receiving that Sum at the. 
End of a given Number of Tryals repreſented by the firſt ;. 


and the third, the Probability that he receives it ſome time 


in thoſe Tryals. Each Line, or Expreſſion, of the fecond 


Column being formed by drawing x into the Exceſs of Unity 
aboye the Value of that Line of the third Column, whoſe 
"Diſtance, or Place above the Line ſo formed, is denoted by 
PI; according to the Reaſons above ſpecified, this laſt 
Column being generated by a continual Addition of the FROM 


of the former. 
mk | Probability ö Probability 0 
„„ eee eee 1 
+1 * 25 la+x 
Pax a+2x 
Kc. x Lf | Ne: 1 25 
N wer” E hs a+px 
2p+1|XXI—@ a—ax+p+1x IXX_ 
2þ+2|*XI—=4—x a—2ax+þ + P+axx—a* 
27 ＋3 XXI —Z— 2 a—3ax+p + ZXX— 3x" 
2þ+4 5 I—4—3x a—4ax+Þ +qaxx—6x* 
3PAXNX TI —A—P—IXX I * 


a—pax+ 2px—pf _ 


Now from having proceeded thus far, the Law of Continuati- 
on is manifeſt ; The Value of the 3d Col. or the required Pro- 


bability, in any Caſe (where u is not leſs than p) being 4 in 


Lu. of CHANCE. 


2 ih 1 Gay un yi \ vv „ 8 
n m 7—1 1212 1—1 H—2 —3 
1 —XUX TUX — X „ X* +11 * * 
| 3 + 
" UK VRX „ ——— ez 
11 1—2 WM 1 — 1 — 2 
X*—71X X 0 2 * 


*, &c. Plus aut Tie. Hue, 3 


"lt 
A , &c. where 1 is put = =- , n=1—2p, 1 =1==3þ, Vc. 


GEL 
EXAMPLE I. 


Laer it be required to throw a propoſed Chance 3 times 
vithout Intermiſſion in 10 Tryals; when the Odds ſor its 
25 5 any aſligned Tryal is as 2 to 1: T yo taking = 


I 
r * Fn P=3s 1=10; we have 1 u, ons. a=Z, 
* and therefore £ Ix1—L ELD — * F. —= for 7 — Prot. 
bility in this Caſe. | 


EXAMPLE IL 
- In. 200 Throws with a ſingle Die, what is the Odds that 
the Ace does not come up 8 Times ſucceſſively? Here r be- 


ing z, m == þ=8, # = 200, our Series become g 
che, te, g-, ue coooghie 
nearly; which abfiratted from 1, leayes .9999033558; there- 
fore the required Odds will be as .999 90g, Kc. to. ooo0 966442, 
or as 103 56 to 1 nearly. 


Note. Tho' to have the Anſwer accurately true, both the 
Series ought to be continued till they terminate, or ſome 
f the Factors become Negative; yet if a near Ap 
unn be only wanted a few of the firſt Terms may 

Q ſuffice, 
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ſalice, as in the laſt Example, where by taking only 2 
Terms of each Series, the true Solution is exhibited to teſs 
than Part of the Whole. 


J PROBLEM XXV. 

A aud B, whoſe Proportion of Skill, or Chance for win= 
ning any aſſigned Game, is as (a) to (, agree to play to- 
gether, till the jormer is a Winner of (p) Stakes, or the lat- 
ter of (q) Stakes; To find the Probability, that the Play be- 
teen them ends in a given Number (n) of Games. 


8 or 1 O N. 
Cask I. Let ns and 4=2; Then the required Value 


will be * when u is an even Number, and 1 — 


a+ 


— 


= when an Odd one. 


7 — 1 


| Cs II. 5 5 N Then . 


PRE 


Cas III. Suppoſing a ind b, or the Ghances if the Game 
os to be equal. From the Binomial 1+1 raiſed to the 2 
Power, cut off as many Terms as there are Units in 


1 and of theſe take the laſt, reject the preced- 


ing, tire the next, reject the p next, &c. till all the Terms 
are echauſted; then the Sum of all the Terms thus taken, 


divided by 2 will be the Probability of the Play ending 
| | in 


—_— FT CTC = — _ 
-. — Pay - 3 : 1 


. - - — 
2 - = 
HEAT eter - - — c — r_z — 
9 
* 


Laws of CHANCE. 
in fayour of A, in the propoſed Number of Games, if 
1-5 be an odd Number. And if the Terms, of thoſe cut 
off, whoſe Diſtances from the laſt are denoted by o, 4, 4H, 
24+þ, 27 ＋ 25, 3442p, Kc. be taken with Signs — and + 
alternately, and added to twice the above faid Sum, and the 
whole be divided: by 27 you will have the Probability of the 
fame in the other Caſe when #—P is not an odd Number. 


Generally. put Te = m, and let the m 
firſt Terms of a+} r in a Series be denoted by R; 
the 4 firſt, by ö; the m—qg—/ firſt, by 7; the m—2q—p 
firſt, by LU, &c. Alſo let e and the /laſt Terms 
of the ſaid Series be denoted by 7; the /—gq laſt, by ; 
I—g—þ laſt, by t; the /— 3 laſt, by v, &c. 52 


the Probability of the Play ending in Non 3 A, in the 


7 
given Number of Games, will be 2.2 ＋7 2 Ox 


tt 2+29 —P — | 1 1 +9 
e Ub &c. N —54 ＋ e TY "1 


7522 „ 
81 9 00 „&c. when the whole is dividedby aF. And it 


is manifeſt that what is ſaid in either of the 2 laſt Caſes, 

wy hold equally, in reſpect to the Play ending in fayour of 

B, if 21 be bea for q, q for 25 b for a, and 4 * b. | 
"COROLLARY. 


| Is 4, the N umber of Stakes which A has to loſe, be great⸗ 
er than the N umber of Games, then will So. Zo, &c. 


and the general Expreſſion N 7; which ſhews the Proba- 
oy that he has of being a Winner of p Stakes in the given 


Number 


The NATURE and 


Number of Games, when the Duration of the Play is not re- 


ſtrained by what he may happen to loſe: And this, when »—p 
is an odd Number, and a=6, will, it is manifeſt, be juſt 
double to the Probability that there is of his coming off an 
actual Winner of 9, or more, Stakes at the end of » Games; 
ſuppoſing here, contrary to the Propoſition, the Duration of 
the Play to be limited to that Number. | 


Note 1. That when any Number of Terms, to be taken as 


in Caſe the third, is greater than that of the Terms remain- 
mg, theſe laſt muſt be uſed — of the former. 


Note 2. That the Signs + and — both prefixed to 5 in any 
Expreſſion, are to be uſed, according as that, or this ſhall 
be found neceſſary to make that Expreſſon a whole 
Number. 


; EXAMPLE I 


Let 4=1, 6=1, #=11, and the Number of Stakes each 


Gameſter has to loſe =3 ; then, by Caſe the 2d, 1 — 


1 1 


£4 vill be the Probability that the Play is ended i in 11 


1024 


Games: But to find the ſame, according to Caſe the 3d, from 
e, &c. (=1 1+1]) =1+11+55+165, &c. I 


Wan = firſt Terms, take the Sum of 
the 3 () laſt of 1 . as 55+165+330=550, and reject 
the reſt; and becauſe 8 (-) is not an odd Number, to 
twice this Sum =1100, I add —33o+11, and divide the 
Aggregate by 2", and there comes out & for; the Value 
ſought, 


E x- 


Laws ef CHANCE. 


RE XAMYLE II. 


En amb, Rn 4=10, and #=21, From aA bach 
ce. cutting off the firſt 8 Terms 1 +21 +210+1330+5985+ 
20349+54264+116280, taking their Sum and di viding the 


fame by I we have 22 4 244 N mr the Probability 
1048576 13107 
of the Play ending to the Advantage of A in 21 Games 


And by taking the Sum of the firſt C of thoſe Terms and 


27896 3482 
dividing as before, there comes out JAN 731075 lebe 


Probability of the! ſame Thing happening in Favour of B; 


but the Sum of thoſe two is N and therefore the Odds 


that the Play is not ended in 21 Games « as s 32768—707 3 to 
7073z or went FT, FTC e 
eg 20 

Soros P=3; gq=4, =I, 4==2, and b=1 ; then, ac- 
_ cording to the 4th Caſe, R. will be a II Sb 

1654+ 3304", or 27 x16+858+ 220+ 33045 330=128x 
984, S=a"=128x16, To, Kc, 1=6"+116"a+5504'+ 
1650/@=1 +22+220+1320=1563, peo, Nc. and there- 


-S &c. e N 
fore — — T N is the Probability 
that the Play 55 to the Advantage of 2 in 11 Games; and 


if to this be added = 79 , ſhewing the like in reſpect to B, 


there will ariſe 125275 for the required Probability of the 
Play being ended in 11 Games. | 
1ͤö;ͤ "RR 


The NATURE and 


PROBLEM XXVL 

A and B, wheſe Chances for winning any ſingle Game are 

in Proportion as (a) to (V, enter mio Play together. What 

is the Probability that A ſball firſt be a Eofer of (q] Stakes, 

before he is a Winner of (p) Stakes, and afterwards a Win- 
ner 1 (2) Stakes, and all this in the firſt 00 Games 2 


80 L UT ION. ; 
Ił is found in the laſt Problem, that the med Which 


A has of being a Winner of p Stakes in the propoſed Num- 
ber of 17 5 retaining the — A is 


PO —I” — e Play is 


ſuppoſed to terminate upon his loſing 4 Stakes, if this ſhould 
happen before the A Games are expired. And it appears by 
the Corollary to the ſame, that the Probability he has of be- 
ing a Winner of thofe Stakes, in the fame; Number of 
Games, when the Duration of the = 
what he may happen to loſe, is Re: Therefore by ſo 


much as this laſt Value exceeds the former, by ſo-much, it is 
manifeſt, will the Probability be expreſt, that he ſhall be 
* 4 Loſer of q Stakes, and afterwards a Winner of p ſuch, 


J. 9 1 2 
| CLE LETT th &c. + 5x 


or this Exceſs, which 1 18 2 — a. — — 


* — will be the Value Q E. IJ. 
C ON. 


Laws of CHANCE. 


COROLLARY. 


| wur a is =b, the Anſwer will be more eaſily had by 
the following Contraction of the foregoing Method, 7. e. 


From 1-+1 raiſed to the 2 Power, cut off as many Terms as 


thereats U-, and of theſe take the 5 


laſt, reject the 4 Shecdding ones, take the p next, reject the 


next, &c. Then, if 2—p be an odd Number, the Sum of 
all the Terms thus taken, divided by 2, will giye the 
Value fought. And, when »—p is an eyen Number, if the 
Terms of thoſe fo cut off, whoſe Diftances from the laſt are 
denoted by o, p, PA, 2p+4, Ke. be taken with Signs — 
and -þ alternately, and added to twice the faid Sum, and the 
whole be divided by 2", the Quotient will be the Value 
ſought in this Cafe. 3 


E X AMP L. E : 
A a=b, 7 73, and 1=24 From 14 == 
— — &c. (= J cuting off the firſt 7 Terms, and taking 


the Sum of * s laſt of them, we have 1 90026, which di- 
vided by 41 94304 () gives the in Value. 


PROBLEM XXVII. 


N a. Parallelopipedon, whoſe Sides are tu auæ another in 

the Ratio of a, b, e; Jo find at how many Throws any 
one may uudertale rhas any given Plane, viz. ab, * ariſe, 
þ+ chopper SOLUTION. 

121A INE the 4 given Parallelopipedon to be 1 


by: a ſpherical Surſace, n be ſuſtained by a Power acting 


at 


67 


68 


© The! Numb nn and | 
at its Center of Grayity i in the Direction of a right Line ſtanding 
perpendicular to the Horizon; and while the Center of Gravity 


and that Line are fuppoſed to femain at Reft, let the Solid, 
together with the circumſcribing Surface, be ſo moved, that 


the ſaid perpendicular Line may trace out the Perimeter, or 
Limits, of the propoſed Plane; Then it will not be difficult to 


conceive that that Part of the ſpherical Surface, which will 
be limited by the Interſection, or Path deſcribed, by. the 
faid Perpendicular, thro' ſuch Motion, will, be to the whole 


Surface, as the Probability of the given Plane ariſing at any 
aſſigned Throw to Unity: It is alſo obvious that the Limits 


of the ſaid Part will be Arcs of 4 great Circles, whoſe Chords 
are the Sides of the given Plane. This being premiſed; let 
the Parallelopipedon be now uren at 425 with its No 
RSS. een, e, 
Ea H, HgG, Gf F, 
and FE be the 
Limits of the a- 
boveſaid Part of 
the ſpherical Sur- 
face, whoſe Con-„ 
tent we would FY . 
„ * K 
other greatCirches,) & YG nN ' / 
be, fa, biſſect the as Arches EF, HG: and BH. FG, 
and EH and FG be produced to meet bs ſore where as in D: 
Then the Angles C, 6, a, g, and F being all right ones, the 
Sides Da, DC, DF will be each 90 Degrees, and Ca the Mea- 
ſure of the Angle DC. Whereſfore, if (720) twice the Pe- 


_ in the Circle be ** to define the Content of the 
whole 


Laws of CHANCE. 
whole ſpherical Surface, Ca or its equal HDg will expreſs the 


Content of the Triangle DC, and DHg-+HDg— 905 that 
of the Triangle HDg (as is proved in p. 179. of my Book 
F Fluxions.) Whence, by taking the laſt of theſe 2 ſrom the 


| former, we have 90 — gHD ſor the Content of the Part Fe 


CaHgc ; wherefore as 720 to 4 times go— Hb, or as 


189 to the Complement of the Angle g HD; fo is the Con- 


tent of the whole Surface, to that of the required Part 
EHGFE. Now therefore to determine the ſaid Comple- 
ment; we have by Plane Trigonometry, As gc, the perpendi- 
cular Diftance of the given Plane from the inter of Gravity 
of the propoſed Solid, to Cm (Si) half 15 Side of that 
Plane, fo is (1) the Radius of the Tables, tos, the Tangent 
of Ca, or HDg; and as the faid Half-Diſtance is to Cn (a) 
half the other Side, ſo is Radius to? the Tangent of Cg, or 
Co- tang. of Dg: Therefore in the Right-Angled Triangle 
Hg there is given () the Tangent of the Angle D, and ( 
the Co- tang. of the Side Dg, from whence the Sine of the 


; þ © 
former and Co-fine of the latter will be eaſily had 
4 cb 5 


reſpectively, and then, per Spherics, it will be as 
2775 2 pe 75 : 0 7 S 9 
: 7 lt 'a 


IB e 1 
cc+bb\: aa ccf aa cc cc 
Complement propoſed to be found. N 
Now therefore let A be put for the Angle whoſe Sine is 


mw and x for the required Number of Throws; ; 


aaFcoxbb Fc 
then, it follows from what has been faid above, that the 


Probability of the given Plane ariſing at any aſſigned Throw 


and 


= the Sine of the 


will be &; therefore that of the contrary being 1—g, = 


8 


The NATURE and 


2 


ſhall have 1 2. equal : and conſequently x equal . 
or ==x1—S nearly. Q. E. I. 


WS 7 


180 


COROLLARY. I. 
WuEN a, b, and c are r the Parallelopipedon becomes 


a Cube, and = = the Sine of 30 Degrees; 
—— oo 
therefore in that Caſe A= zo, and x 1—E 3. 8. 


COROLLARY II. 
Ir the given Plane (ab) be but ſmall in reſpect of the 


others, then the Sine — being alſo ſmall, will be 
aa+ccxbb Tx: 
ab 


nearly as its Correſponding Angle, that is, - 
aa P 


will be to 3-141, Kee. as A to 180; whence A equal 


— = - nearly; which Value being ſubſti- 
3 1416 Tc Fecſ 
tuted in (then nearly =x) gives e ſor 


the required Number of Throws in this Caſe. 


L EMMA I. 


F UAeſeeg 4, B, B, C Sc. ro be the Coefficients of the Power of 


4 T, whoſe Exponent is u; or, A+Bx+G&+Dv, Gc. 


=3TA: To find the Value Aryl tt Ge 


457) 
Dx Ex* 
+3550 * 5670) © 0 in fine Terms, r being any 


whole 


c rr 


Laws of CHANCE. 


whole poſitive Number, and n any poſitive Number, or 
negative one, except an Integer leſs than r+1. 


SINCE A+ BxT C Dx, &c. is =a+xl", 1 
Ge, Re. xx* will therefore =aFx1 xx” ; whence, by taking 
the Fluent continually wX. the laſt Novation we haye, 


ET MA a 5 Poke "as Ax. Bx , Ci 


in. —t— , &c. And, laſtly, — 


INA Ta n+1x#4+2 (1/—1) ara 


3a * 2 a Arr 


#+1xn+2 (1—3) 9+ 1x8+2 6-4) n I. 12307 
ae 


234 U 3.4 O73: 45 G0 


&c. Wherefore, diyiding this Equati- 


Ta" — pon] m7 
on by x”, we haye reer — ot 
u ＋IXAA＋ 2 (77 7 1 IX AA＋ 2 1 
whe . 5 —r+2 


x A 
u -I 2 61) © n+ 1xn+2 7 — 2) rann 1. 2.3 123909 
Bx CK 
2.3.4 0 44 3. 25 0 N Er 
L E MMA II. 
TO ud the Sum of a Series of Powers whoſe Roots are 
in arithmetical Progreſſion, as d. a4 +3d\ d\' +44V + 5d 
c. continued 1 to * Terms. _ 


Lr 4. into Ax TBA 5 A „ 


2 


— 4 


©] 
| 
1 
: 

: 


The NATURE and 985 
+ K=d"4 TA" wm 24; Aab. . XA ; then muſt 4" into 


Ax + * 64 +BzFiV + Gx + 1 — , Kc. 4. K, it is manifeſt, | 
= d. ZU TTA "I +x+1xa]'; wherefore, 


5 taking the former of theſs Equations from the latter, and 


dividing the whole by 4”, we have Axx—+ 1 Cent B x 


HE 


x+1|—Xx*+Ccx +1 F . 


x+1]'; where expanding the ſeyeral Powers of th in 


Series, and comparing the like Terms, we get A=—— T7 — , B= 


3 3 D=0 , F equal o, G equal 


Fob x 2. 3.45.0 
X 8 pd 1 " 
D &c. And therefore 4. 2d + 
x x mx uu 1xt—2xx * 
5 „ „% „ „%6*„ 4 2 — Ben —— LE — 
34 | # +1 T2 by 3.4 2.3.4.5. 6 
1—5 
uxn -i - — }XH— 4Xx . „ uh 
+ N —, &c. ＋ K, into 4"; which 


: Fee i 1 — 
when x=1, will become 4 TIE 3.4 2.3.4.5. 6 


5 2 . 2. „ — 1X — 2 
&c. & in 4”: Wherefore K= i HE 


& conſe tiv 4"; 4 x" — uxn— 1xt—a2x * 
” W jt _ 2.3-4.5.6 
un- IX A— 2XH— 3 e | 
F 2-3-4.5-6-7.6 © 
uxn— IXH— 2XH— 3 — 4K — Sn Ex *. 
F 2.3.4. 5. 5. 7. 8. 5. 6 bh 
—9 


—IXA— 2XH— zun — 4Xl— Sn — G-. dx &: | 
2.34.56. 7. 5 11.12 ge rap 


— — 


Laws of CHANGE. 
1 ,, % Mn In- 2 een 


2 344 rar 2:34:56.) - 1,71 oa WO Ot 
Kc. equal to the Value ſought ; which, when u is a whole 


r NUDE, will be barely ; expreſſed by a" in 


x x | 8x LO WXU—IX#—2x 
gre +; . e „ Kc. continued till 
it terminates, provided that the laſt T erm thereof when u is 
an odd Number be rejected. Q. E. I. on. 


COROLLARY I. 


Hexce by taking 4 =, and rer, „ 4» &c. 6 fucceſſie- 
ly, we ſhall have | K 


1+2+3+4+5+6...c.8 Lg 

+2 +3 ＋4 ee = +L+7 Sid 

I'+ 2 +3*+4 +5 ..... 9 | 

H =D +E+S—D 

+2 +3 +4 +5 een =D +E+3E—E g 
&c. &c. 


COROLLARY IL 


| Is x be infinite, and u any poſitive Number, or negative 
one leſs than Unity; the firſt Term of the Series, it is manifeſt, 
will be infinite in reſpe& of the reſt of the Terms; and 


therefore the * will in that Caſe become 1"+2"+ 3" | 


+4 s „ r 2 
| LAMMA 


* 


De NATURE and 
LEMMA. III. 


TO find an K xpreſſion or Series, which conſiſting of the 
ſomple Powers of x and known Giiffcients, ſhall be equal 


to 1x2x 3X4x5x6x7x8, &c. continued to x Factors. 


Lu r P denote the given Value, and x—a L: x, + Ax +B 
D, &c. thehyp.Log. thereof then will x + 1 =ax 
L:x+1, +Axx+1+B+CxxÞF1 T DxxX+Þ1r* + Es 
KI, &c. be L: PL: x+1; from which Equation 
by ſubſtituting the Value of L: p, &c. there ll 


be Sg L:1+x+44 D x" DTI 


Ex TI — =, Ke. =0; this converted into ſimple "ra 


mt * JK 5 W N 34 &c. 
„% A e- dH &. 


* * * aD Lz DADA 5 DN &c, Vo 
2 #* ©® # eie, &c. 

* „ „ „ | io, &c. 
. — 3-6 T=, Cc. 
* R Rei 


W hence A=r, a=—2?, C=— ax =O, E=— Fo 


3-4 7758, ; 

6. A Hs, 57k 4 = To 25 and conſequently x+; x 
a I I I 

Lia, mx+B I2X tm ine 


L. P. lay x=1, and the Equation will become — 1 
+8 1713-365 &c. So, and therefore B muſt be 21 


15 3607260 &c. which ſubſtituted inſtead thereof, gives 


xX; 


Laws of CHANCE. 


t 7 t . 
XFÞL : 13.65 Ke. . 3657 13585 1260 


&c. L: P. Now the Number whoſe hyp. Log: is 1 will 
I 
be NE e. that whale Log. is eo 


I 2x 
&c. =1+ — 


.* 


12 +a 28 8 51 8 ge ce. and that anſweri 10g toi 


2 Kc. equal to 2.506, Ke. which, as Mr Demoivre 


5 from Mr Sterling, is the ſquare Root of the peri- 
phery of a Circle, whole Semi-Diameter is Unity : Where- 
fore if that Periphery be denoted by c, and 2.71838, &c: 
the Number whoſe hyp. Log. is 1, by m, and our Logatittis 
mical Equation, be reduced to one ſhewing the Relation of 
the correſponding Numbers, by multiplying together thoſe 
above found anſ\vering to the ſeveral Parts thereof, we ſhall 


47 Ye * 13 
* 8 
have * L in m in c in 1＋ FI "ow" ik Nc. 
=P. Q. | „L. : : 


CO R 0 L 1. A R V. 

I 
125 DIP 
&c. becomes inconſiderable, P or its Faun IX2X 3X4X en 


Be: CAUSE + when x is @ very great Nude 


Xx will then, be nearly _ to Eq in Vc 4. 


L E M M A IV. 


7 Fe be the Periphery of a Gircle, whoſe Radius is Unity, 
the Ratio of the middle or greateſt Term of the Binomial 


1+1, raiſed to a very great Power 005 will be to the whole 


ven 
Power, as 170 A very near 9. 


Fork 
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For it is known, from the Principles of Quadratures, and 
is proved in page 118 and 121, of my Book of Fluxions, 


that c being, as above ſpecified, the * of the whole Curve, 
whoſe Abſcifla 4 is x, and Ordinate „when z is an 


I —Xx 
even Number, will be! into xii? ous my > and 
that the * of the Curve, having the ſame Abſciſſa, whoſe 


Ordinate is —, under the ſame Values of x and zi is 


pee _— PEN ü Thereſore ſince theſe t two * when 
2 is very — are very near aur to each other, 


5 rx 


Tt | Wh? 
= N 10 


| | u 1 

. f NAG. . XMx8 
therefore, „y Diviſion, ; *— IXIX3X3XgX6, *XU—IXP—IX#+1 
where multiplying both Sides by 2 EI, we get {x#+1, or 


Ml 2% 2X 4X . Xu | 
— - 2m nearly; the ſquare Root 


4 5 
cn 4x45 ...9 2X2X4X4.. . . n 
— EE — — — = 2 

IX 3X5. . —I1 IX ZX ZX 4. I- IX 
Ne e vt 1 93 IX ZX 3x4 > 


_ IX2X3X4....% _MWXB—IXB—2XM—3 1 
1 .. I . +, 


wherefore it is as 1: 
IX2% 3&4. AS 


but the third Term of 7 — Proportion is known to be 
equal to the middle Term of the Binomial propoſed, and the 


fourth thereof equal to the whole Power. Q. E. I. 


8 LEMMA V. 


8 


TO find "the Ratio that an aſſigned Term of a Binomial 
| raiſed to an infinite Power, bears to the whole Series. © 
| Let 


Laws of CHANCE. 


Lr 4-+6 be the given Binomial, # the Index of its Power, 
the Diſtance of the propoſed Term from the firſt, and put 
S=#—7 : Then ſince the Value of the ſaid Term is 
N- 1-2 — 1—r+ 1x4 

1. 2.3.4. : 


plying by 1x2x3 OM Ke 5 8 


we ſhall, by equally multi- 


ux n 1. 2 
1.2.3 2 0 IXI. 2.3 5 „ & 


. L 5 1 s 
which by Lemma III. is = 2 e. —— he _— 

ecru rect ** C CS 
m and c being as there ſpecified ; wherefore dividing by 


7FÞ unf 
en CY x V rs 2 * 


co ROLLARY. 
Beeavsr the greateſt Term of the whole Power is that 
wherein the Exponents of à and 4 are to one another as à to 


b, if s be taken to v in the Ratio of à to 6, or r=, 


and kg and thefe Values be ſubſtituted above, we ſhall 


a+6 e Ratio of the 
have 7 for the Ratio greateſt Term to the whole 


Power; ; which therefore, when 4 and à are equal, will be- 
come — the very fame as in Lemma IV. Hence it is 


manifeſt, that the Value of c in Lemma TIL. is not only near, 
but exactly equal to the Periphery of the Circle, whoſe Ra- 
dius is Unity; which there was not eaſy to determine. 


LEMMA VL 
2 find the Proportion which the greateft Term of a Bino- 
miah, raiſed to an infinite, or very great Power, bears to 


a given Number of Terms next it. 
| U Lzr 
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LET 4+6 be the propoſed Binomial, 8 the In- 
dex of its Power, y the, greateſt Term, and p the Number 
of Terms to be taken on either Side. Becauſe the greateſt 
Term is that wherein, the Indices of 4 — b are equal to 
—— an 2 2 be} ut —s, and = the 
a+ 7 "+ #+b put , Fs 5 next 
Term to it wa, it is maniſelt, 1 = E . the next aſt | 


| — 1 
that = 5 ED Taxa? the next following equal 


_ _ IT 5 - 7 and conſequently t that, whoſe Diſtance 
* IXS— 2. * * 


from the greateſt is ), equal to e 7 


in. 2 ; and therefore its hyperbolical Logarithm equal to 
1 
r i i Kc. 
2 


Le ed = I 0.” 22 81 | 
EI [nano gre 6 
L] Kc. top—1 Series 

L 5 ＋ 272 4 (IVE _ . 1 


|— &c, to p Series 


But becauſe ar is WR PL: HNL: s,. PL: a,. PLir vaniſhes 
out of the Equation. And the Numerators of the remaining 


Terms being Series of Powers, whoſe Roots are in arithmeti- 
cal 


Laws of CHANCE. 


cal Progreſſion, their Sum will be eafily had by Lemma II. 


and from thence our Expreſſion becomes Lo, TE 2 +1 


ee PW +27 1p ee 


12S LS"; 
a 2 = — . = 2 ; which, Pp being mal 


in reſpect to 7 and „ will become =L:y, = en near- 


7; where by fubſtitating for 7 and s their Ee FEY} and 


= ines „ * = (L:T)) the Log-of that 


a+b 
Term whoſe Diſtance nts the greateſt is denoted by p; and 


therefore T=yx1 _Z . — + 22 &c. 4, for the 


. 00 "of 
fake of Brevity, being put inſtead of 2X: 2% Hence the Sum 


of all the Terms beteen the two expreſſed by y and 7, with 
the laſt of theſe incluſiye, will, by Lemma II. be =p in. 1— 
E -J AGE SES ABER } APO ll 10% 
3u 2.508" | 3.71 T5 3 49. 2.3.4.8. 119 2.3.4.5. 6. 1 35 
Sc. very nearly. Where, if v be put E, or 2. Von, 
do d 40 def 3 
nn 1— — ibs" we "I + AP Sc. 
from whence the required er „„ 


COROLLARY. 
Becauſe the greateſt Term diyided by the whole Series, of 


xp i =— (by Cor. to Lem. 4.0 5 will be = 
2 


2 
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42 7 which being ſubſtituted inſtead thereof in the laſt 


of the above Expreſſions, we ſhall have T * * Din 


4 cho dev: 


| 1—= += 188 + Sh Sc. equal to the Sum of as 


Fa, T _ immediately ſucceeding the greateſt, as there 


are Units in on; c being = =, 2X3.1415, Sc. and d=EHP . 


And therefore when @ and 6 are equal the faid Sum, it is 
manifeſt, will become Y in 1— EEE 


4 16 32 640* T 
2:34 23.4177) 2:.3-4.5-6.1 37 


PROBLEM XXVIIL 


Fee a given Number, n-+1, of Adventurers, playing 
at Raffles, or any other Game of the like Nature, aud 
the firſt of them, A, to have raffied and got ſo great a Num- 
ber, that there are only (a) Chances for a greater, (b) Chan- 
ces for the ſame, and (c) for @ leſſer Number; To find the 
Probability of his Winning : And, ſuppoſing the whole Stake 
or Thing raffied for, to be in Proportion to the Number of 
Players; To find alſo what that Number muſt be to make his 
Advantage by this Circumſtance the greateſt poſſible. 


SOLUTION. 


2-3-7 


SiN CE WS is the Probability that no aſſigned Player 
gets a greater Number than A, the Probability that no one 


of the (#) Players ſhall bring up a greater Number, will be 
c+6& 


Laws of CHANCE. 
c+BY „ or, if N be converted into "Iu, a 


Ard 


e 6 —— enge, g 


3 


1 — —— * — 45 9 - 


* 0 Pan Þ.'s . 


Prob. 1.); the Terms s of this Series vol ecljofirely a 
to tlie Chances, for o, 1, 2, 3, Sc. of thoſe Players Haring 


an equal Number to that of 4. and all the reſt, at the ſame 
Time, leſſer N umbers Wherefore if theſe Terms c, ME by 


me . &e. he reſpeRiyely divided by 1, 2, 3, Ge. the 


= of the 1 Quotients apply'd t to 555 vill be 
10 16 — — W Ex — 2 op, . for the 


2-7 RPA — 

r ef 

firſt Pur of, of che Auge. "bur chis, . 5 bs 
2 in FF" 5 OT, if a+b+c be put t, and 


e+b=4, equal? az = thi therefore auliplied by n+1, 
tina phe 
the whole Stake is — 75 The the ExpeRtation of 4, in the 


feeond Caſe; which by the Queſtion muſt be a Maximum, 
and therefore its Fluxion | 572 ment! 


I ner 78 or 
ANL ee 75 en putting! the Hyperbolic 10. 
garithm ot £=b, in that of: - 8 it will be 2 * 5 whence 


( N + 


. - , . . % © 
l 4 : j | 4» . 8 1 - * © , C * _ * * - 
- + - - . TEM . — —̃ — — . 41 1 +.3 2 #* wh 3 
* 


EXAMPLE 


* 
. . 
2 PS. 

. 6 — 

- . * 
, 81 
= | - 
- 
At 


4 h 6 0 l 4 


| 
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anhsT EXAMBLE.. FT 


Let er es be ſuch, that there may be Now” one 
Chance for a greater, one for the ſame, and 100 for a leſſer 
Number; then a being=1, b=1,c=100, d=101, and s=102, 
g will beo. o198, and {= 0.0985, and therefore n+ 1, accord- 
ing to the laſt Caſe, yo; whence it appears that the greateſt 
2 Expectation that A can poſſibly have in the above Cir- 
cumſtance, is, when there are 69 Players beſides himſelf; it 

then being about 25. 7 Times his own Stake. But if the 
Players were 100, his Expectation, by Caſe 1, would be 
only 24 Times his Stake, and if they were infinite it would 
be indefinitely ſmall. *And from hence appears the great Dif- 
ad vantage that even a good Gamefter, or one that has a great 


Number of Chances for Winning, will have in playing where 
there are others better than himſelf, even tho? the greater 
Part of the e are at the ſane Time much wore than 


MN IIOY | 
* and B, whoſe Chances for winning any aſſigned Game 
are in the given Proportion of a, to b, agree to play 
*till'n ſtakes are won and loſt, on Condition that A, at the 
Beginning, of every Game foall ſet the Sum p to the Sum Po, 
ſo that they may play without Diſadvantage on either Side; 
Tic required to find the prefent Value of all the Winnings 


| that may be betwixt them when the Play is ended. 


SOLUTION 


Lari be that Term of I expreſſed in a Series, where 
the Exponent of the Power of a, divided by that of &, is, as 
| near 


Laws of CHANCE, 


Near as may be, equal to, but not leſs than 7 and let the Di- 
ſtance of that Term from the firſt, or the Index of &, in the 
ſaid Term, be denoted by 4: Then becauſe 4 — 1 
GP . Fa . 5, the former Terms of that Series 
are (as has been found in Prob. 5) the reſpective Chances for 
Is winning u, n—1, #—2, #9—3, Gc. Games R or gain- 


ing the Sumer xn, = * 1—1 —þ, N * . 5 1 353 
if thoſe Terms be reſpectively drawn into theſe Sums, - vis, 
in . nah b. 1b, Kc. the ſeyeral Products 


be added together, and the whole be divided by, @+0], the 
total Number of Chances, we ſhall have 828 = for 
ve Taxath.- 


half the Value ſought; which when the Ratio of the above 


ſaid Exponents, is exactly, as 4à to 6, will become 
=; for FT GY and 7 = abr 


COROLLARY * 
Hens, if a be a very great Number, IF being = 


SM by Lemma F. the Value in this Caſe will be 


v2, c being, as there ſpecified, equal to the Periphery 
of a Circle whoſe Semi- diameter is Unity. 


E XA M P LE I. 
Leer a=2, b=1, p=t, and n=8; then taking the third 


Term of #+89'b+284'# + Sb, Ge. becauſe the Ratio £ | 
of 
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of the Exponents in the next Term is leſs than there will 
be —= v for the true Value in this Caſe. 
EXAM PLE IL © ff 
ren a=1, b=1, p=1, and #=10000; and we hall 
have pv E=2v*=798; but if # had been ſuppoſed 
$000900, the Anſiver would have been only 798. 


PROBLEM XXX. 


Two Gameſters, A and B, equally sbilful, enter into Play 

together, and agree to continue the ſame till (n) Games 
are wan and loft. Tis required to find the Probability that 
weither comes off a Winner of rv © Stakes, and alſo the Pro- 
bability that B is never a Winner of that Number of Stakes 
during the whole Time of the Play; + being a given, 2 n 


any very great, Number. 


SOLUTION. 
_ Is from 1+1 raiſed tothe a Power be cut off the firſt half of 
the Terms, and as many of the laſt of them be taken as there are 


Onits in 2 and divided by TPI, the Quotient will, by 
Nn 5, be one half of the Value fought; But the ſaid = 2 
Terms according to Cor. to Lem. 6, by ſubſtituting 2 : 


8 SEE. LO 
Fer * fn, be dels — 
7 * 


A | - * 
2 NN — — — 4 
BBs therefore 


1 
9 
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—_. 
therefore the Double hereof, divided by 1 TIF gives 77 in. t 


N * 
— 
* 


„ 


. or 798, Ge. xr in. . 1; 


1 2 74 237.8 3.2 1.5.4 
— 4 — , for the firſt Part of the Anſwer: But 
2.3.7.8 2.3. 4. 9. 16 
this is alſo the Anſwer in the other Caſe, as is manifeſt from 
Gr. to Prob. 25. Q. E. I. 


COROLLARY. 


Ts the Probability ſhould be given = f, and the Value of 
. 3 : , 1 F4 
be required; then it will be .798, Sc. x7 in. = nba 
I ; 2 
727 Sc. == where 7 will be =0.674, Oc. 


Hence it appears that, however great # may be, it is an equal 
Chance that neither of the Gameſters comes off a Winner of 
0.674) n Stakes: And from this and the laſt Problem it may 
be alſo obſerved, that tho' a Gameſter may at ſome Times be 
avery great Winner, or, on the other Hand, a very great Loſer, 
yet, at Long-run, there is almoſt any aſſigned Odds, if he al- 
ways playsupon an Equality of Chance, that there will ſcarcely 
be any Compariſon between his Loſs or Gain, in the End, 
and the whole of the Money he ventures; And ſecond, that 
if an Eyent after a great many Tryals, is continually found 
to fail or ſucceed more frequently than it ſhould according to 
the known Chances, by which it ſeems to be decided, there 
is the greateſt Reaſon to ſuſpe& that that Event is affected 
or goyern'd by ſome other Cauſe which we are unacquainted 


with. 


— 


N 


